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Notation

Throughout the Thesis we work in natural units, with the universal reduced
Planck constant i and the mass of the particle m set equal to 1 and 1/2,
respectively.

Moreover, we use Landau notation to denote infinite and infinitesimal quan-
tities; more explicitly, if € is a small parameter,

f=0(g9) < thereexists C>0: |f(e)| <Clg(e)l, (1)

_ . f(e)

and similarly in the case of a large parameter N.

=0, 2)

Analogously, if € is a small parameter, we compare different orders of infinity
in the following way:

fo> g, if limfe = 400,

) e—09e
Je < Gge, i ge> [,
fer ge, if limfe = O, with 0 < ¢ < 400, (3)
e—09e
feSge, it limfe =0, with0<c<1,
e—09¢

erga if gegfev

and similarly for a large parameter N.

Concerning the notation for the norms, if for vectors there will be no ambi-
guity and ||-|| will always represent the Euclidean norm, for a function f, we
will denote with || f|| its L? norm, while || || p Will stand for the correspond-
ing LP norm, with p € [1,2) U (2, +oc]. For operators the situation is more
involved: ||Al| stands for the operator norm of A, defined as

[A] = Sap (¢, Ap)|. (4)

|
vll=1

Moreover G (h) denotes the space of compact operators on a separable
Hilbert space h. Consider now a positive self-adjoint operator A; having

fixed an orthonormal system {e,},cy, we define
trA = Z(en, Aey). (5)
neN

This is not always a finite quantity, and given that for any compact operator

A, the operator |A| := (A*)1/2 is a positive, compact, self-adjoint operator,
we can consider the following Schatten spaces
G, (h) == {A € G (h): tr [(A*A)%] < +oo} : (6)
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for p € [1, 4+00).

In particular, if A € &1 (h), the following series is absolutely convergent:

trA:= Z(en,Aen>. (7)

neN

The &, () are also called Schatten ideals and satisfy the following two prop-
erties:

S, (h) € S, (h), V1 <p<q<+oo, (8)
AB, BA€ &, (h), VA e &, (h), B bounded. (9)

In particular, any such space endowed with the corresponding norm || A, :=

1
(tr [(A*A)g} )  is a Banach space. When p = 2 the corresponding space is

an Hilbert space, whose elements are called Hilbert-Schmidt operators. For
any p € [1,+00), the following hold true:

1 1
|Al[, == sup tr[AB], with — + — =1, (10)
BGGPI(U) p p

IABl, < [[Allpg [1Blpg Vg € [1, +o0]. (11)

During the discussion we will also introduce the notion of partial trace; to
do so, consider now the Hilbert space of symmetric states defined as h®s.
An orthonormal system for this space is given by

{6k1®...®6kN2 kjSk‘j.,.l, kjEN,1§j<N} (12)

with ® representing the symmetric tensor product between two functions.
Now we can define the partial trace of an operator A € &, (h®sN ) for any
1<I<N as

trl+1’__7N [A] = Z <€kl+1 X .. .®€kN,A61€H_1 ®--~®6kN>l+1
ki 1<..<kn, k;jeN

77777

where the inner product is only in the last N — [ copies of b.

Finally, during the discussion, several constants will appear. Unless differ-
ently stated, we write C' to denote a generic constant that might be different
from line to line, but that will never depend on the parameters in use.
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“If mathematical thinking is defective,
where are we to find truth and certitude?”

— D. Hilbert, On the Infinite



Introduction

The phenomenon of Bose-Einstein Condensation (BEC) (and its relatively
recent experimental realization) has been one of the most relevant discover-
ies in physics of the past century. Physically speaking, a Bose-Einstein (BE)
condensate is realized when a macroscopic fraction of the particles in a quan-
tum gas occupies the same one-particle state, and therefore the gas exhibit
quantum properties on a macroscopic scale. The idea that a BE condensate
could be realized, at least in the case of non-interacting identical bosons, was
initially introduced by Einstein in 1925. After reviewing an article by Bose
[B24], he noticed that the techniques used by Bose to derive Planck’s law
could be applied to derive what he called the quantum theory of an ideal
gas. Subsequently, in [E24; E25| he showed that, when considering a gas
of non-interacting bosons, there is macroscopic occupation of a one-particle
state, and therefore BEC.

The experimental realization of BEC’s required seventy years to be achieved.
The temperature and the pressure necessary to realize condensation are ex-
tremely low, so it was first necessary to develop specific techniques to cool
down the gas, first using lasers (laser cooling) and subsequently removing
the most energetic particles (evaporative cooling). With these techniques, in
1995, three different groups (Wieman and Cornell [ AEMWC95|, Ketterle
[DMADDKK95| and Hulet [BSTH95; BSH97]) were able to achieve BEC

for the alkali gases of rubidium, sodium and lithium, respectively.

On the other hand, in 1938 the first superfluid properties of Helium “He
were discovered independently by Allend and Misener [AM38| and Kapitza
[K38], and in the same year London [L38]| established a connection between
superfluidity and BEC. In a superfluid the viscosity is really low, and the
intrinsic quantum nature of this state of matter becomes clear if it is put
in rotation: indeed, the only way the superfluid can react to the rotation is
through the nucleation of quantized vortices.

The first semi-rigorous effort at proving BEC in a concrete case was at-
tempted by Bogoliubov [B47] in 1947, but it was the experimental realiza-
tion of BEC that sparked a renewed interest in a more rigorous derivation;



at the same time, this also stimulated a lot of activity in the study of the
Gross-Pitaevskii (GP) equation, which is the effective equation describing
the one-particle behaviour of the BE condensate.

The mathematical definition of BEC uses the description of a system in
terms of its density matrices. More explicitly, a quantum mechanic system
of N particles is described by a complex Hilbert space %, which, together
with the self-adjoint Hamiltonian H, encodes the physical properties of the
system. A state is represented by an element ¥y € J#y; as usual in quan-
tum mechanics, we can also suppose that ¥y is normalized and that ¥y
is determined up to a multiplicative phase, i.e. Uy and €Uy represent
the same physical state. It turns out that, in order to extract information
about one-particle observables (i.e., self-adjoint operators acting only on a
single particle), it suffices to consider the so called 1-reduced density matrix

fyl(;lq?N = tra,. N Pu,, with Py, the projector on the state ¥y. From the

(1)

physical point of view, the eigenvalues of Yp,  represent the fraction of par-
N

ticles occupying the corresponding eigenstate. In the case of a classical gas,
if one increases the number of particles and the volume, keeping the density
of particles constant (the so-called thermodynamical limit), then, the number
of occupied states increases and the fraction of particle occupying a single
state decreases and vanishes in the limit. The phenomenon of BEC, on the
opposite, corresponds to the existence, in the thermodynamical limit, of a
one-particle state, which is macroscopically occupied. More explicitly, there
must be a state ¢ € 7 such that (gp,’y](jl‘gN p) > c>0as N = 4o0.
Proving BEC is a hard problem and the mathematical literature about it is
wide. In particular, the physical setting suggests that such a result cannot be
proven without additional condition on the physical system. First of all, the
symmetry of the system plays a crucial role: already in the work of Einstein,
it was crucial to assume that the particles are bosons and not fermions. In
particular, the Pauli exclusion principle implies that BEC is not possible in
fermionic gases. Moreover, in line with the initial idea of considering non-
interacting particles, one typically require the gas to be dilute, in agreement
with the experimental settings. More explicitly, let a be the scattering length
of the pair interaction (i.e., its effective range), and p be the density of the
particles; then, the limit is called dilute if

pa® =0

as N — +oo. Notice that, in a model with hard spheres, a represents the
radius of a single sphere, therefore pa® can be interpreted as the density
of space occupied by the spheres, and the fact that this quantity is small
suggests that the spheres are in average very far one from the other.

While dealing with a generic thermodynamic limit is in principle quite hard,
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in the literature many specific dilute limits are discussed: the most studied
is the GP scaling, in which the pair potential scales as vy (x) = N?v (Nx).
In this case, the GP parameter given by g := Na, with a the scattering
length, is constant, as N — 400, and, as we will see, such a limit is dilute.
If ¢ is the one-particle state on which there is condensation and the system
is trapped by a potential U, then ¢ satisfies the GP equation, the cubic
nonlinear equation

—Ap+Up+871g|pl> ¢ = pp.

Many results have been proven in the GP limit, both in the stationary and
in the dynamical frameworks, and we review them in Chapter 2. However,
in several experimental settings, it turns out that a different limit regime is
more appropriate: the GP parameter is often very large in experiments, as
N — 4o00. To model this regime, one considers an interacting potential of
the form vy (x) := N3~ 1o (NFx), with B € [0,1]. If 8 = 1, then the scaling
reproduces the GP limit discussed above; on the other hand, if 5 = 0, one
recovers the famous mean-field scaling.

It is noteworthy that, if 8 < 1, the scaling is less singular that the GP one;
in this case the GP parameter is equal (to leading order) to the integral of
v. To consider a model in which the GP parameter is large as N increases,
it is convenient to add a multiplicative constant in front of the potential:

oy (x) == gy N3 1y (N5x> ,

with gy — 400, as N — +oo. If 8 < 1, the system is still not too singular
and the scattering length is given (again, to leading order) by gy times the
integral of v. In particular, there is a choice of gx such that the limit is still
dilute; this is the so-called Thomas-Fermi (TF) scaling, in analogy to the
density theory for large atoms.

It is important to notice that, while in the GP limit the effective equation
does not depend on NN, this cannot be the case in the TF scaling. Indeed, the
kinetic and the trapping terms are subleading compared to the interaction
term, so a suitable rescaling is needed. The GP equation in the TF regime
can indeed be written as

I 9
—Aso+UsO+;2\sOI © = pp,

with € = € (N) a small parameter. This is a useful setting for studying the
response of superfluids to rotation from a mathematical point of view, and
in particular, the nucleation of quantized vortices.

In our work we study the mathematical derivation of the TF limit. First we
look at BEC in the ground state. Starting from a many body Hamiltonian in



the TF regime, in Theorem 3.1.2 we prove that there is BEC in the ground
state as long as 8 < % In this case, indeed, we are able to prove that
the number of particles outside the condensate is vanishing as N — +oc.
Moreover, we are also able to derive the explicit value for the first order of
the ground state energy and prove that it depends only on gx and on the
integral of v in Theorem 3.1.3. Subsequently, we use the so-called Bogoliubov
approximation to discuss excitations over the ground state and what we

expect as a next-to-leading order approximation for the ground state energy.

The next question is whether BEC is preserved or not by time evolution.
We prove in Theorem 4.1.5 that if 8 < % and if there is BEC on a state
1o at initial time then BEC is preserved on a state 1; which satisfies the
time-dependent GP equation (in the TF regime)

iOby = — Ay + Uty + g e -

Although we need some technical assumptions on the solution v, we are
able to provide an explicit rate of convergence towards the solution of the
effective problem.

—_— e D —————

This Thesis is divided in four Chapters and we now briefly outline the content
of each one.

e In Chapter 1 we give a general overview of the physics of BEC as a
physical motivation for the subsequent study.

e In Chapter 2 we introduce the mathematics of BEC, exposing what is
known about BEC in both the stationary and dynamical cases.

e In Chapters 3 and 4 we prove our results about BEC in the TF regime
in the stationary and dynamical frameworks respectively.



CHAPTER 1

Physics of Bose-Einstein Condensation

In this Chapter, we present the first physical prediction of Bose-
FEinstein condensation (BEC) for non-interacting gases which is due to
FEinstein in 192/4. Subsequently, we briefly describe the analogous phe-
nomenon for an interacting dilute gas and give an overview of some
physical results about it. This will allow us to point out the relevance of
the Thomas-Fermi limit in the physics of Bose-Einstein condensates,
in particular in relation to the observation of superfluidity and the ap-
pearance of quantized vortices.

1.1 Bose and Einstein’s Preditions

Starting from an intuition by Bose contained in a work on the statistics of
photons [B24], Einstein in [E24; E25| considered a gas of non-interacting,
massive bosons, and concluded that, below a certain temperature, a non-zero
fraction of the total number of particles occupies the one-particle state with
lowest energy.

More specifically, consider the following many-body quantum Hamiltonian
for a non-interacting bosonic gas in a box A in d dimensions:

Ny N2 N
0 . _ =2 o2 .
HN.—ZQmpj = ZQmVﬂ _Zhj, (1.1)
7=0 7=0 7=0
where p := —ihAV is the momentum, m is the mass of one particle and £ is

the reduced Planck constant.

If the bottom of the spectrum of h is inf o (h) = €, the bosonic ground state
energy of the system is at 7' =0

By = inf {(IBRI0) v e L2(RY), Jul =1} (12)
:NEQ, (13)



where the bosonic constraint is implemented in the fact that we minimize
only on states which are symmetric under exchange of particles. In order
to prove this simple fact, it is sufficient to show that the r.h.s. of (1.3) is
both an upper and lower bound for ES’OS. The lower bound directly follows
from the inequality h > €y, while the upper bound is obtained by computing
the expectation value of the state 1/)89]\[ , where hig = €9tg. More in general,
whenever we consider an Hamiltonian of the form H R, +V with V symmetric
and real, the bottom of the spectrum not restricted to symmetric function (if
it exists) coincides with the bosonic ground state energy, and moreover, the
ground state is symmetric. Therefore, when investigating the ground state
of a bosonic system, we can equivalently formulate the ground state problem
on the non-symmetric space (see also [LSSYO05]).

Consider now a basis of eigenvectors for h, labeled by p € N, with corre-
sponding energies {ep} ., €p < €p41. We denote by {NNp} _y the occupation
numbers of the corresponding energy levels, with the total number of par-
ticles given by N = Zp Np. In the grand canonical ensemble, the average
occupation number for bosons is given by

1
Zflefp/(kBT) — 17

N, = (1.4)

where z := e#/(k8T) ig the fugacity, p is the chemical potential fixed by
the constraint on the total number of particles, and kg is the Boltzmann
constant.

Consider now the thermodynamic limit, i.e., the limit N — +o0o with
p = N/|A| fixed; given that e, scales like |A\7d/ % in d dimensions, we can
replace the summation over excited states with an integral and, for N large,
get

1
No = e (T) _ 1’ (1.5)
_ > D (e)
N = NO +/€1 dEW, (16)

where D (¢€) is the density of the states, i.e. the density of states of energy e
that in d = 3 is of the form

D(e) = mﬁ. (1.7)

Now, for p and N fixed, we can write z = z (p, N) and Ny = Ny (p, N) as
functions of p and N using (1.6) and (1.5). Moreover, let p. (T") be defined

as
1 [F> D (e)
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provided the integral is finite. One can easily realize that this is the case only
in d =3 (or larger), so that we can compute

3 400
m’ ve
= M Y
3 3
mkpT ] 2 3 T\>
_ [ i ] <<2> =p [T] (1.10)
2/3
where we set Tt := % (ﬁ) / '

If pc (T) is finite, as in three dimensions, and the temperature is below T,
then the fraction of excited particles cannot exceed p. (T),

o[

Hence, as N grows, pg stays positive and there is a macroscopic number of
particles in the one-particle ground state. This is the phenomenon of Bose-
Einstein condensation (BEC). Notice that %C (3/2)72/3 ~ 107 MK -
cm?, meaning that, for a density of order 10'3 — 10'%cm=3, the temperature
required to have BEC is T ~ 1076—107*K. In particular, such a temperature
is way lower than the one needed to observe quantum phenomena (10° —

10°K).

Njw

) > 0. (1.11)

The case of the interacting gas is much more complicated, and we postpone
the discussion of the mathematical precise definition of BEC to Chapter 2.
We discuss first the ground state energy asymptotics of a dilute interacting
gas of bosons.

1.2 Ground State Energy of an Interacting Bose
Gas

Consider now an interacting Bose gas in a three-dimensional box A and fix
the system to be in three dimensions. The Hamiltonian is of the form

Hy=HY+ > vlx—xxl). (1.12)
1<j<k<N

The ground state energy of Hy is
Eo(N,A) :==info (HY). (1.13)

9



Given that Ey (N, A) is an extensive quantity, when taking the thermody-

namic limit, we fix the density p and consider the limit of the energy per
particle

Eo (N, A

eo (p) == lim Eo (N, A)

1.14
N—+o00 N ’ ( )

which depends only on the density!.

It turns out that the first order of eg (p) in the density p can be expressed in
terms of the scattering length a of the potential v (see Definition 2.3.3 for a
precise definition). More importantly, an hypothesis of diluteness is crucial
in order to exclude many-body correlations and be sufficiently close to the
non-interacting picture. Physically, this assumption can be cast in form of
the condition

pa® < 1. (1.15)

The first one to derive the first order asymptotics of e (p) as p — 0 was
Lenz in [L29|, and the result was later refined in [B47], a seminal paper by
Bogoliubov in 1957. Many other authors? worked on the derivation of the
next orders of the energy asymptotics during the 60’s, and the result was the
following expansion:

27 h? 128
eo (p) = ap

However, all the works mentioned above provided only heuristic derivations
and a rigorous proof of the above formula is still lacking. There are anyway
some recent advances that we are going to discuss in Subsection 2.4.1.

1.3 Experimental Results and the Thomas-Fermi
Regime

After the theoretical prediction of BEC in 1925, it took around thirty years to
have a first experimental realization of a Bose-Einstein (BE) condensate. The
main difficulty in achieving condensation in a cloud of bosons was the need
to reach a really low density and, more importantly, a very low temperature.

Note that we will also consider the energy per volume, in the limit of infinite volume;
given that the density is fixed, these two values have the same asymptotics, up to a power
of p.

2See for example [B57; BS57; HY57; GA59; HP59; W59; LY60; L63; LL64;
LS64].
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To overcome this difficulty, it was necessary to develop several new tech-
niques. The first step towards achieving BEC was given by the invention of
laser cooling, which allowed to cool the gas down to temperatures of order
107%K at an average of 10? particles per cm?. This was still too high of a
temperature, though, and only the development of the technique of evapora-
tive cooling allowed to reach even lower temperatures, by removing the most
energetic atoms from the cloud. The drawback of this process is however
that a large number of atoms are lost, leaving only about 10* — 107 atoms in
the trap, but at a final temperature below 107K. The combination of these
techniques allowed several groups to achieve (independently) BEC for differ-
ent gases of alkali atoms in 1995; Rubidium 3Rb in [AEMWC95|, Sodium
23Na in [DMADDKK95]| and Lithium “Li in [BSTH95; BSH97|. Thanks
to these results Cornell, Wieman and Ketterle were awarded the 2001 Nobel
prize in physics.

Since then, BECs have attracted a lot of attention in theoretical and in ex-
perimental physics. From the former point of view much of the theoretical
work is based on the study of the Gross-Pitaevskii (GP) equation, a non-
linear equation in which one of the main parameter is the GP parameter
g := Na, where N is the number of particles and a is the scattering length of
the interaction between the particles (for a more precise description of these
concepts, we refer to Chapter 2). Mathematically,one often considers a pic-
ture in which g is kept constant as IV grows, which can be then interpreted
as a short range and mean-field regime for a dilute Bose gas. On the other
hand, what happens in concrete physical situations is that the GP parameter
is actually quite large, as it can be easily deduced by combining the infor-
mation on the number of particles with the value of the scattering length,
tuned, e.g., via a Feshbach resonance mechanism (see for example [BP04;
ECHSCO03; F01; FZ06; KTUO02; L02]|). Such a regime is actually better
described in what is called the Thomas-Fermi (TF) limit, in which the
GP parameter is assumed to diverge as N — +o00. This becomes even more
apparent when considering rotating systems, which is an important setting
for BECs due to their superfluidity features: in this limit the effective energy
functional is obtained dropping the kinetic contribution to the energy, which
then resembles the TF density functional for atoms.

1.3.1 Superfluidity and Quantization of Vortices

An interesting property of BECs is that they often exhibit superfluidity. In
order to give a definition of superfluidity, let us first consider a classical
fluid: given the mean fluid velocity v, the vorticity of the fluid is defined as
w := curlw. If the fluid rotates around a point at a fixed velocity Q (where
the convention is that it rotates clockwise with speed €2 := |Q2| around the

11



axis Q71€Q), then it can be considered as a rigid body and its velocity is
given by v = € x x. In this case the vorticity is constant and w = 2€2. More
in general, if the vorticity is non-vanishing, we say that there is a vortex in
the fluid.

In the case of a quantum fluid, the velocity field is irrotational almost ev-
erywhere: indeed, in a superfluid, the state is described by a complex valued
function (called in this context order parameter) 1) = €' || in which the
density of the fluid is identified with p = WJ|2 and the velocity is encoded in
©:

v= "y, (1.17)
m

The order parameter satisfy the GP equation

2
ﬁ@¢=7%Aw+Fwwa (1.18)

We note now that equation (1.18) implies that the density p satisfy a conti-
nuity equation of the form

Bip + divj =0, (1.19)

with the current density j defined as
ji= N (VVY — V) . (1.20)
2ma

Defining the velocity of the fluid through j =: pv, we get (1.17). Given
that the state 1) is single-valued, the vorticity is zero as soon as 1 does not
vanishes. The vortices of the gas now correspond to zeroes of ¢ around
which there is a nontrivial winding number. To calculate such a topological
degree, we evaluate the circulation of the vorticity around a loop containing
a vortex: since @ is the phase of a single-valued function, we immedialtely
deduce that if v is a loop around a zero of ¢ we get

h h
%v'dl:]{Vgo-dleZ. (1.21)
7 m J, m

A typical feature and characteristic mark of superfluidity is precisely the
nucleation of quantized vortice. Note indeed that any superfluid with the
properties above can store angular momentum only by creating quantized
vortices.

Such phenomena have been observed in the experiments using different tech-
niques (see in particular [ MAHHW99; MCWO00; MCWDO00; RBD02;
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ARVKO01; RAVXKO01]). Theoretically, this is justified by the fact that the
state ¢ of a trapped BE condensate solves the GP equation

2
4
ihdp) = —imp | Al

Y17 ¢, (1.22)

where g := Na is the previously mentioned GP parameter, and therefore, it
might display the superfluid behavior described above.

1.3.2 TF Regime for Rotating BECs

The ground state problem for a superfluid in a rotating frame can be nat-
urally formulated as a variational problem, i.e. we minimize the effective
nonlinear energy functional Ephys conserved by (1.22) under the constraint
||| = 1. In a rotating frame with velocity €ext, its energy is given by

h2 2 2
Epnys [V] = [ dr § 5 —[VY["+ U (r) [¢|
/ {2m (1.23)

27 h2
+¢QextXLw+ g|¢’}

where L :=r x (—ihV) is the angular momentum operator. Since there is a
preferred direction given by the versor of ey, we can set Qext = (0,0, Qeoxt)-
Moreover, we assume U to be harmonic, i.e.,

Ul(r):= 7;1 (a22? —i—ayy +a22?), with as > 0, (1.24)
and denote by
no\ /2
(= <ma > (1.25)

the characteristic length in the z-direction.

Rescaling all the lenghts by ¢, i.e., setting ¢ (r) := £3/24) (r), the energy
becomes

[ar {51968 + T @0 + 16 uexz o+ Z0iarth. (120)

where ﬁ( )= % ( 222 + Byy? + 22), with 3 := o 'a. Interestingly enough,

— ’ ]. 2;
g . < > 9 ( N )

then, using for example the experimental data of the ENS group as in
[MCWDOO0]|, we get that

e=275-10° <« 1 (1.28)
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is a small parameter.

Given that the value of € is small, one can equivalently consider a scaling of
the interacting potential in which the GP parameter ¢ = Na goes to infinity
as N — 4oo. This is the TF limit that we mentioned before.

The study of the minimization problem of the GP equation in the TF limit
is interesting on its own and there is a vast literature on the subject (both
by numerical experiments [AD15; FJS05; MCWO00; MCWDOO0| and by
rigorous analysis [AAB05; CD16; CPRY11; CPRY12; CRY11; CYO08;
IMO061; IM062; R12; SS12]|). In particular, one can observe several phase
transitions for rotating condensates, as the rotational speed increases. To
this purpose it is convenient to rescale the lenghts further and set.
J4 3 ~ 1

R=t ume=rlr, A=

and in this case the energy becomes

/ {yw +unxLu+i 7 () Juf® + WH. (1.30)

Qext, (1.29)

If Q = 0 the minimizer exists and it is unique (up to a phase), and corre-
sponds to a positive real state. The bulk of the BE condensate (i.e., the area
where the mass is asymptotically concentrated as € — 0) is a disc centered
at the origin. When the system is put under rotation, but Q=0 (1), as
€ — 0, then the minimizer is unaffected and does not show any reaction
to the rotation. In the laboratory, though, the rotation can be made really
fast, so Q — 400 as € — 0. In particular, there are several phase transi-
tions, as € increases. When €2 crosses a threshold Q., ~ [loge|, a first vortex
is nucleated in the minimizer, and, as the rotational speed increases, more
vortices are nucleated. The bulk however does not change, vortices eventu-
ally fill it, distributing as in a lattice-like structure3 A second transition
occurs when (2 crosses a second critical threshold QCQ ~ ¢71: the centrifu-
gal forces become then comparable with the trapping and, in the case of
harmonic trapping, they eventually destroy it. If however, there is some an-
harmonic trapping, as realized in experiments produced by the ENS group,
see [BSSD04; SBCDO04|, the condensate can be trapped for higher rota-
tional speed. In this case, the bulk of the minimizer assumes the shape of
an annulus, and vortices are still present in it. There is a final threshold .3
after which vortices are expelled from the bulk and the condensate behaves
as in a giant vortex state, where there are no vortices in the bulk, but a large
vorticity seems to be concentrated at the origin.

3More precisely, it has been proven in [CPRY11; CYO08] that the measure of vorticity
is uniformly distributed after a certain rotational speed, but the fact that the optimal
distribution is a (triangular) lattice has yet to be proven (see also [SS12]).
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While the study of the minimization problem has been carried on in several
frameworks with different trappings, the problem of deriving this effective
model starting from the many-body system is still to be fully studied. This
Thesis aims at filling precisely this void.
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CHAPTER 2

BEC and GP Theory: Mathematical Formulation

In this Chapter, we describe the mathematical framework of BEC in
a bosonic system. In particular, we provide the precise mathematical
definition of BEC, we discuss the property of diluteness and we give an
overview of the results available in literature about BEC and effective
theories for dilute systems. We start from the thermodynamic limit of
the low density Bose gas, then study the mean-field regime, and finally
discuss the Gross-Pitaevskii regime and the Bogoliubov approzimation.
At the end of the Chapter, we introduce in detail the Thomas-Fermi
regime which will be studied throughout the rest of the Thesis.

2.1 Many-Body Bosonic Systems

A quantum system is mathematically described by an Hamiltonian opera-
tor defined on an Hilbert space. For a system of N bosonic particles the
Hamiltonian (or energy) is'

N
Hy = Zhj + Z Vjk- (2.1)
j=1

1<j<k<N

The description of the system is encoded in the way we choose the Hilbert
space and the operators h; and v;;. In particular, given that we want to
consider only bosonic particles, we have to restrict ourselves to symmetric
functions, so that the many-body Hilbert space is

oy = h&N (2.2)

while h; are copies of a one-particle self-adjoint operator h, acting on the
Jj-th copy of b, and, similarly, v, are copies of a self-adjoint (usually multipli-
cation) operator v acting on the j-th and k-th copies of h. The choices of h,

We do not take into account three- and more-body interactions for the sake of sim-
plicity, since the corresponding effects are expected to be of lower order.
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v and h varies depending on the type of system we consider; however, h con-
tains the one-particle information (typically a kinetic term and a trapping
potential, if present), while v represents the pair interaction, and is given
by the multiplication by a function depending only on the distance between
the particles. Finally, b is a space of square integrable functions over some
measurable set (typically R? or the torus I1%).

A pure state of our system is a function ¥ € . Given a state ¥ and a
(self-adjoint) operator A, we denote the expectation of A on ¥ as (A)y and
we define it as?

(A)g := (¥, AV) = tr [APy]. (2.3)

More in general, a state is a positive definite operator v € B () such that
v > 0 and tr[y] = 1. We denote the space of states on % by &y. Then,
for a generic state we denote the expectation value of a self-adjoint operator
A by (A), given as

(A)y :==tr[Ay]. (2.4)

For any state, it is also useful to define its reduced density matrices: given
v € Sy and for every k < N, the k-reduced density matrix ) is

'y(k) = trpyr, N (Y] (2.5)

Given a pure state ¥, we denote the corresponding density matrix, i.e. the
projection on ¥, and the k-reduced density matrices as vy and ’yl(l,k), respec-
tively. An easy calculation allows us to see that the expectation value of the
energy on a pure state can be expressed only in terms of its 1- and 2-reduced

density matrices, i.e.

(Hy)y = N tr [hyfl})} + N(]\;_l) tr [Wg?] . (2.6)

The above rewriting of the expectation value of the energy suggests that in
the determination of the ground state energy of a physical bosonic system,
only the 1- and 2-reduced density matrices are relevant. This is true but does
not lead to a simplification of the problem. Indeed, the ground state problem

Recall that Py := |¥) (]
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consists in the determination of the energy F(N) and the state ¥ so that?
E(N):=inf{(Hy)y: ¥ € Ay, ||V] =1} (2.7)

= inf {];rtr [(hl +ha+ (N — 1)012)’)’\(1,2)] U e Ay, |V = 1}
(2.8)
— (Hx)a. 29)

The wave function ¥y and the energy F(N) are usually called the ground
state and ground state energy of the system, respectively, and, under suitable
assumptions (see for example [LLO1]|) on both h and v, ¥ is unique (up to
a phase), symmetric and it solves the Schrodinger equation

HyUyn = E(N)¥y, (2.10)
at least in weak sense.

Then, the question is whether the infimum in (2.8) can be take over all
density matrices on the two-particle space, i.e. if

F:inf{];[tr[(hl—|—h2+(N—1)v12)ﬂ : 7662} (2.11)

coincides with E(N).

In general, this is false, which is due to the fact that, in considering only two-
particle density matrices, we lose the symmetric structure of the initial many-
body state W. This is related to the well-known N-representation problem,
i.e. the problem of characterizing the two-particle density matrices obtained
as reduced matrices of a many-body bosonic state. The problem is still open,
even at the level of the ground state: correlations between particles are indeed
often present in the minimizer. What is true, however, is that, in the limit
N — 400, the ground state energy can be approximated (at least to leading
order) by an effective one-particle description.

2.2 Ground State Energy of Non-Interacting Bosons

We first describe a toy case. Consider a system given by N non-interacting

bosonic particles in a box A = [—%, %] . The one-particle Hamiltonian is

3The minimization domain should of course be a subset of the self-adjointness domain
of the Hamiltonian Hy, or, more generally, of its quadratic form domain. However, we
drop such a specification meaning that any state not in the domain of Hy has energy
equal to +oo. This is justified by the positivity assumptions we will make on h and v.
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given by h = —/A, and, by testing on the constant function, we immediately
get that the ground state energy and the ground state are explicit and equal
to

E(N)=0, Uy=—. (2.12)

In particular, if we set ¢ = -, we can explicitly calculate all the k-reduced
L2
(k)

density matrices as Yoy = Pfk. Moreover, we get that the two-particle
density matrix is completely determined by the one-particle density matrix
and that 7\(1111)v has only one eigenvalue equal to 1.

The most physically relevant limit in this framework is the thermodynamic
limit, in which both the size of the box and the number of particles increase,
keeping fixed the total density p := %. The relevant quantity to look at is
then the energy per unit volume

E(N
¢:= lim (N)

T (2.13)

In this case, e trivially vanishes, but in general one would like to study
the dependence of ¢ on the density p. While this is an open problem for
generic densities, many results are available in the literature on the low-
density regimes, i.e. when p = 0.

In order to approximate the ground state energy, it would be helpful to
know some information about the structure on the ground state. Unfor-
tunately, both the fact that the two-particle density matrix is completely
determined by the one-particle density matrix and the fact that 7\(1,1 ]27 has
only one eigenvalue are in general false. Nevertheless, those facts might be
true asymptotically as N — 400, in which case we say that BEC occurs (see
below).

2.3 Bose-Einstein Condensation

While the concept of condensation is easier to describe for non-interacting
systems as there obviously is macroscopic occupation of the one-particle
ground state, in presence of interactions this is in general not true. An equiv-
alent way to look at occupation numbers of one-particle states is then to
investigate the eigenvalues of the one-particle density matrix of the ground
state Wy; the spectrum of 7\(1,1])\7 is indeed discrete, which allows to define
BEC for a many-body system.
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Definition 2.3.1. We say that there is Bose-Einstein condensation (BEC)
in the ground state if ’71(1;112, has one (and only one) eigenvalue of order 1 in
the limit N — 4o00. More precisely, there exists a state ¢ € b and a constant
c € (0,1] such that

: (1) 4y —
Jim (67, ) = ¢, (2.14)
: (1) 1 _ _
Nl—lg-loo tr ['V\I/N (1-Py)| =0. (2.15)

The value c is the rate of condensation, and we say that there is complete
(or 100%) condensation when ¢ = 1.

Notice that in the case of complete condensation the 1-reduced density ma-
trix converges to a rank-one operator, and therefore the following Proposition
holds true.

Proposition 2.3.2. The following statements are equivalent:

(a) There is complete condensation, i.e. 1 — (qﬁ,ng)\,qb) —0as N — +oo;

(b) 'y\(pl])v converges to Py in the Hilbert-Schmidt norm || A, := Vtr A*A;

(c) ’7\(11112/ converges to Py in trace norm || A|; = tr|A|;

(d) 7\(1,1])\7 converges to Py in operator norm.

In particular,

(2.16)

R [P R

1 1 1 1 1 1
S = R, < S8 - o], = [ - o < 0 - ], 1)

Proof. We start from (a) = (b). The proof easily follows from the properties
of the Hilbert-Schmidt norm:

e - r, = (06} - P) (582 - 7)) (218
tr [(%%2,)2] +tr[Ps] = 206,7500)  (2.19)
<2(1- (0. 7500))- (2:20)

On the other hand, (b) = (a) is trivial.
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Let us prove now that (c¢) < (d). We follow a proof from [KP10|. Given

that Py is a rank-one projector, there is at most one negative eigenvalue

for 7(1) — P,. Indeed, while it is clear that the bottom of the spectrum of
Uy ®

N P, denoted by Ag is non-positive, using the min-max principle (see
[RS78]), we get

inf ((7 (%;}V - P¢) \{)\0}> - (2.21)

= (X (vél])v - P¢) X) (2.22)

sup inf
e, [vl|=1 xe{¥}t, lIxl=1

> inf X, () _ Py)x) = inf X,’y(l) x) > 0.
xe{¢}+, HX||=1< ( b d)) ) xe{o}+, ||X||=1< Un )
(2.23)

Now, ’Y\(plj)\, — Py is compact and its spectrum is exactly given by A9 < 0 and

{Matnsos With Ay > A1 > 0. From the fact that vf;])v — Py is traceless, we
deduce that [Ag| = —Xo = >, ¢ An, and therefore H’y\(;])v — P¢H = |Ao|. On
(1)

the other hand, computing the trace norm of Yy — Py we get

n>0

(1) H =3 Pl = S A=
P, An Ao + An 2 2.24
HV\DN ’ ! n>0| ‘ " n>0 ' ( )
=2 Hy&ﬁ}v - P¢H : (2.25)

To conclude the proof of the Proposition is enough to notice that (c¢) = (b)
= (d), due to standard embeddings between Schatten spaces.

O]

We will study the phenomenon of condensation for a particular set of poten-
tials that scale with the number of particles IV, typically describing a dilute
gas. To introduce the mathematical concept of diluteness, we need first to
recall the definition of scattering length of a potential.

Definition 2.3.3 (Scattering Length). Let v be a smooth radial function with
compact support in R3. A zero energy scattering state is the solution of
the following problem.

_Af + %/Uf = 05
(2.26)
lim f(x)=1.
|x| =400

For any x ¢ suppw, f is harmonic and therefore we can define the scatter-
ing length of v as the real number a = a (v) such that f(x) =1 — & for

any X ¢ suppv.
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Remark 2.3.4. The scattering length can be interpreted as the effective ra-
dius of the interaction. In particular, in the case of hard-core potentials where
v(r) = 400, if r < a, and v(r) = 0 otherwise, a coincides with the scattering
length.

If we expect condensation in the state ¢, this means that the density of the
particles is approximately given by p := |¢|?, and, following [LSSYO05], we
can define the mean density p as

pi= N/dx P2 (x). (2.27)

Definition 2.3.5 (Dilute limit). We say that our system is dilute if the

mean interparticle distance ﬁfé 1s much larger than the scattering length,
1.e.

ol

ap3 K 1, as N — +oo0. (2.28)

We now specify the limits we are interested in.

2.4 Scaling Limits and Effective Theories

The scaling limits we are going to study are mainly referred to the choice
of the interacting potential. For every potential, however, we consider three
possible settings for the one-particle Hamiltonian (and the corresponding
one-particle Hilbert space).

CASE A: SYSTEM IN A BOX

To describe free particles in a box we consider the Hilbert space b := L? (A)

of complex square integrable functions in a box A = [—%, %] in d dimen-

sions. The one-particle Hamiltonian is given only by the kinetic term* —A
with corresponding domain given by ngr (A), i.e. with periodic boundary
conditions.

CASE B: TRAPPED SYSTEM IN R¢

To study a trapped system we consider the Hilbert space b := L? (]Rd) of
square integrable functions in R?. The one-particle Hamiltonian is however
given by a kinetic term plus a potential, —A + U, where U is trapping, i.e.
U € C* (R?) and U (x) — +00 as |x| — +oc. In this case & is meant to be
the Friedrichs extension of —A + U defined on the dense set C2° (RY).

CASE C: FREE SYSTEM IN R?
The Hilbert space for a free system is h := L? (]Rd). The one-particle Hamil-
tonian is just the kinetic term —A with domain H? (Rd).

“We recall that we always choose units such that i =1, m = %
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2.4.1 Thermodynamic Limit

Before introducing the different scaling regimes, it is important to point out
that the most relevant setting one would like to investigate is the THERMO-
DYNAMIC LIMIT: in this setting, one picks N particles in a box of side length
L and considers the limit N — +o0o with the density p := % kept fixed. The
object of study is then the energy per volume as a function of the density.
This is actually the hardest version of the problem, and there are currently
no results for generic p.

If, on the other hand, one assumes the gas to be dilute, the asymptotics of the
ground state energy can actually be derived. In [LHY57]|, Lee, Huang and
Yang made the striking observation that the first two orders of the ground
state energy per volume should depend only on the scattering length of the
interacting potential besides the density p. Nevertheless, their proof was not
rigorous, and it had taken several years to get a complete proof. However,
the upper bound was obtained four years later by Dyson in [D57]. The first
key result was then the lower bound proven by Lieb, Seiringer and Yngvason
in [LSYO00] and refined only in 2019 by Fournais and Solovej in [FS]. The
corresponding upper bound was rigorously proven by Erdés, Schlein and Yau
in [ESYO08] and later refined by Yin and Yau in [YY09].

In the setting we want to focus on, the many-body energy is

N
HY = Z hj + Z v (Xj — Xk) . (229)
j=1

1<j<k<N

The ground state energy is an extensive quantity with respect to the volume
of the box. Hence, to study a limit of large box with fixed density, we set the
number of particle as N (p) = p|A| and define the ground state energy
per volume as

1 (T HR,Y)

‘ N(p)
= lim — in ' 2:30)
Nitoo [A] wedtvgy W) |

¢ (p)

The following theorem is the combination result of [YY09; FS]

Theorem 2.4.1 (Yau, Yin 2009 (<), Fournais, Solovej, 2019 (>)). Let
veC® (R3) be non-negative and spherically symmetric. Then, in the limit
pa’ — 0,

¢ (p) = 4mp?a (1 + 1;%;37? pad + o (W)) . (2.31)

An alternative approach which has been taken in the last twenty years is
to consider specific settings by rescaling the interacting potentials in such

23



a way that the gas is dilute. We focus our next discussion on the following
three major ones: the mean-field limit, the Gross-Pitaevskii limit and the
Thomas-Fermi limit.

2.4.2 Mean-Field Limit and Hartree Theory

We start from the simplest scaling limit, i.e. the mean-field limit. We
consider N identical bosons in a box® of length L with an interaction whose
intensity scales as the inverse of the particle number, while the support of
the interaction remains constant. To avoid any ambiguity in the definition
of the interaction, we assume that v € Cpg, (A), and additionally we assume

v to be of positive type, i.e. ¥ > 0. The many-body energy is

N
1
7=1 1<j<k<N

The name mean-field comes from the fact that every particle feels an average
potential coming from the other particles given by m Ek# v(x —xg),
and this justifies the choice of the pre-factor. Notice that we could also have
chosen N instead of N — 1 and the results would not be affected. It is easy
to see that under these assumptions the gas is dilute.

Proposition 2.4.2. The scattering length of the potential ﬁv satisfies

a<N1_1v>:87TN1_1/dxv(x)+(9<Jé2). (2.33)
( )

Furthermore, since the reference one-particle state is the constant wave func-
tion, p~ N and pa® =~ N~2 < 1, i.e. the gas is dilute.

Proof. Recall that, if fn is the scattering solution and solves

_A S = 2.34
fN+2(N 1)UfN 0, (2.34)
then the scattering length satisfies
S - /d (x) v (%) (2.35)
a_87r(N 0 e x v (x) fn (X). .

>There is not so much difference in this case between the settings A and B and therefore
we consider the former one.
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We then use the Born approximation to calculate the first order of the scat-
tering length:

1 1
:87r(N—1)/deXU<X)fN(X):87T(N—1)/RngU(X) (2.36)

_1/]1{3 dx [(—A) ! *v] ) (1= fy (x)  (237)

an

87 (N —1) 4 ||
_ awé_n /R dx () (2.38)
~ 32ﬂ2(1N_1) /Rg ix ﬁ ko (%) Afy (x) (2.39)
_ awé_n /R dx o (x) (2.40)
o [0 (;) (242)

where we integrated by parts using the explicit form of fy outside of the
support of v and concluded the estimate using the general fact that 0 <

fv <L

O

We investigate two kind of questions: whether there is condensation in the
ground state and whether condensation is preserved by the Schrédinger dy-
namics.

Condensation in the Ground State

We study the behavior of a minimizer ™ of the following variational prob-
lem:

ER(N): = inf{<Hﬁf>@ LU e Ay, ||V = 1}, (2.43)
Eut = (gt gabgmty, (2.44)

By standard arguments the minimizer exists and is unique.

In order to figure out the expression of the effective model, we first test the
functional on a factorized state U := ¢®V:

1 N = 1v>|< 2 (x x)|?
yon g = [ax {Ivopl+ goslof ol | @)
=:&%¢]. (2.46)
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We recall here that the convolution f * g is defined as

(Fr) )= [ dxf@=n)g). (247

This definition applies also to periodic functions, so that v * ]qﬁ]Q is a periodic
function, whenever v is. The minimization problem for £ is easy to solve.

Proposition 2.4.3. Let v € Cper (A). If we define EY and ¢t as in

E":=inf {€"[9]: p e, ol =1} =& [¢"], (2.48)
then, the minimizer is unique up to a phase and
1 1
E% = / dx v (x), P = ——. (2.49)
2[A] Ja VA

Proof. Using \ﬁ as a trial state we obviously get that (2.49) is an upper
bound to E®. On the other hand,

1 2 2 |A| ~ T2 2
5 [ ax (v<10) )10 (o) =Yy X )| @)
VAL = P
> Y250 |10 0)] = 77 [ a0 (250

In order to prove BEC in the mean-field limit, we first have to show that
the Hartree functional captures the first order of the energy. Next one proves
that the ground state of the many-body problem exhibits condensation on
#t. In the following Theorem we state exactly this result. We omit the proof
that can be found in [S11; GS13] in Cases A and B respectively.

Theorem 2.4.4 (Seiringer, 2011/Grec, Seiringer, 2013). Suppose that ¥ €
JN satisfies

(H3Y g < B4 ¢, with ¢ > 0, (2.51)
then o
1
(0" oM < 5 (C+1). (2552)
Furthermore there is complete BEC on the state ¢/ and
: N
—CIA|7 < BB - S0(0) <o. (2.53)
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In [LNR14] Lewin, Nam and Rougerie proved a similar result but for a
larger class of potentials, exploiting the quantum De Finetti theorem. In
[Piz1; Piz2; Piz3| Pizzo was able to approximate the minimizer to any
order using a multi-scale technique and a Feshbach-Schur flow.

Evolution of a Condensate

We proved that there is complete BEC in the ground state, so we now want
to know if condensation is preserved by time evolution. In order to verify it,
we consider as initial datum a condensate state generated in a given trap in
R? and then study condensation as time goes on, after the trap is removed.
The interesting result is that BEC is preserved on a timescale of order log N.

There are various results in literature about this problem, see for example
[ES07; ESY071; FK09; RS09|. Nevertheless, in [P11] Pickl proved a first
general result with weaker hypotheses on the interaction and with explicit
bounds on the rate of convergence. We recall here only this last result; the
proof relies on the study of the function

a(V,¢) :=1— (¥, PyV¥), (2.54)
where ¢ is the condensate wave function at initial time.
Let \Ilflf be the solution of the many-body Schrédinger equation

0, WPt = Hpt ot
(2.55)
wpt| = wp

A solution of the Cauchy problem exists only if \Ifglf is in the domain of H ]r\r}f;

e e . . __spmf
for any initial datum not in such a domain, we set Wi ;= e=#HXt ymf,

Analogously, we define the effective one-body time evolution via the Hartree
equation, i.e.
iy = — A0 + fu = ol o1,
(2.56)
¢! }t:(J = 0

We pick the initial datum in the energy domain, so that a weak solution
always exists.

Theorem 2.4.5 (Pickl, 2011). It exists a constant C' > 0, such that, for any
fized time t > 0,

a (lﬂinf, gth> < e%a <\116nf, (;56{) + % (eCt -1). (2.57)
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Furthermore, if there is BEC in the initial datum, then condensation is pre-
served for any t > 0.

2.4.3 Gross-Pitaevskii Limit

The Gross-Pitaevskii (GP) Limit describes N identical bosons in a box
of side length L in three dimensions with an interacting potential that in the
limit becomes a hard-core potential with short range. The Gross-Pitaevskii
limit owes its name to Gross and Pitaevskii who firstly derived (respectively
in [G61] and in [P61]) the equation that bears their name and we will see
later. The Hamiltonian is written as

N
HGY = hij+N? > o(N(xj—xz)). (2.58)
j=1 1<j<k<N

In order to figure out the form of the effective energy let us compute again
the energy of a factorized state Up = ¢®V:

(W H" ) (2.59)
= [ dx (Vo)
* % / dxdy N*v (N (x —y)) ¢ (x)* ¢ (¥)]*  (2.60)
AxXA
~ X X clo (x)* .
< [ dx {19660l +lo 0ol @61

with ¢ the integral of v. This guess is however wrong, because even if the
energy is quartic in |¢|, the constant ¢ actually differs from the integral of v
and is in fact proportional to the scattering length of the potential. Indeed, if
we denote by a the scattering length of the unscaled potential v, the effective
energy reads

GP = X X 2 m™a X 4 .
£ (o] = [ dx {|Vo (0 + dmalo (0"} (262)

Note that in this case the gas is diluted too, as we can see in the following
Proposition.

Proposition 2.4.6. In the Gross-Pitaevskii limit the gas is dilute. Indeed
0~ N and the scattering length of the potential satisfies
1

a (NQU (N () = N (v), (2.63)

s0 that pa’® ~ N72 < 1.
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To prove the previous Proposition we need some information about the mini-
mization problem for EGF. We state then a Proposition analogous to Propo-
sition 2.4.3.

Proposition 2.4.7. Let a > 0 and let EST and ¢CF as in

ECST =inf {9V [g]: ¢ e b, |¢] =1} =T [¢°F]. (2.64)
Then, the minimizer is unique up to a phase and
dma 1
EGP = —— pOF = —. (2.65)
Al VIA]

Proof. We proceed as in 2.4.3 and test on the constant function to get that

EGP < %. On the other hand we have that ||¢[|, < +/|A]||¢]|,, and there-

fore ECP > 4‘%?.

O

Proof of Proposition 2.4.6. In the GP limit the scattering solution fx solves

N2
—Afn+ v (Nx) fv = 0. (2.66)

If we now define g (y) := fn (%), we get that g solves

1
—Ag+ Y (y)g =0, (2.67)
which does not depend on N anymore. Moreover the scattering length of the

potential v satisfies

al0) =g [ dy ). (2.68)
Therefore, we get
2
a (N?v (N-)) :];r/Rgdxv(Nx)fN (x) (2.69)
= ST%N o (¥)g(y) (2.70)
1
=5 (v). (2.71)

Given that ¢ST is the constant function, 7 = N and pa® ~ N2,
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Condensation in the Ground State

The first problem addressed and solved® by Lieb, Seiringer and Yngvason
in|[LY98; LSYO00| was the convergence of the many-body energy to the ef-
fective one. This result was achieved applying an old idea by Dyson (see
[D57]) of substituting the singular potential with a less singular one, sacri-
ficing some kinetic energy and, at the same time, considering the problem in
smaller reduced boxes. The result has recently been proven again by Nam,
Rougerie and Seiringer in [NRS16| with different techniques. We present
here the original statement contained in [LY98; LSY00].

Theorem 2.4.8 (Lieb, Seiringer, Yngvason, 2001). Let EGY be the ground
state energy of the system

ESF i =inf {(HJ Yo : Ve Ay, V] =1} (2.72)
=info (HJY), (2.73)
then, E](\;,P satisfies
ES" o cp
li —=_ = >, 2.74
N—1>I-I&-1c>o N ( )

The first proof of BEC was obtained few years later by Lieb and Seiringer
in [LS02| and by Lieb, Seiringer, Solovej and Yngvason in [LSSYO05] for
the dilute and trapped gas, respectively. It took almost twenty years then
to refine such results and provide information about the fine structure of
the minimizer. Indeed the ground state can not be well approximated by a
factorized state, but correlations on a suitable scale are present. The result
we present here was proven by Boccato, Brennecke, Cenatiempo and Schlein
and it is contained in|[BBCS18; BBCS2|.

Theorem 2.4.9 (Boccato, Brennecke, Cenatiempo, Schlein, 2018). Let U €
N be such that

(H(PYy < ESY +¢, for some ( >0, (2.75)
then o
(0% 6| < - (C+1). (2.76)

Furthermore, in Case A, there is complete BEC in the state ¢°F and

N
_C|A]2 < BB S0(0) 0. (2.77)

In [LY98] the authors actually consider the thermodynamic limit at low density.
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Evolution of a Condensate

The question of whether BEC is preserved in time in the Gross-Pitaevskii
limit is more subtle than in the mean-field scaling. After the interesting re-
sult proven in one-dimension in [ABGT04; AGTO07|, a complete answer to
the question was given between 2006 and 2010 in a series of paper by Erdds,
Schlein and Yau [ESY06; ESY071; ESY072; ESY10|, which proved con-
vergence of all the reduced density matrices to projectors onto copies of
the one-particle state evolved via the GP equation. However this was only
achieved in Case C and with no quantitative estimates on the rate of conver-
gence. A similar result was proven by Pickl in 2015 in [P15] with completely
different techniques (analogous to the one used in [P11]). The same year
Fock space techniques combined with the analysis of correlations introduced
in [ESY10] allowed Benedikter, De Oliveira and Schlein in [BOS15| to prove
explicit error estimates. Such result was then strengthened by Brennecke and
Schlein in [BS19] in 2019.

As before, we set WGP .= e HR" \IIS;P, while the GP evolution is defined
through the following Cauchy problem

i0,0FF = —AGCP + 8ra (v) |¢FP|* $CF
(2.78)
¢tGP‘t=0 = OGP‘

The main result of [BS19| is the following.

Theorem 2.4.10 (Brennecke, Schlein, 2019). Let ¢§¥ = ¢S (with ¢GF
defined in Proposition 2.4.7) and the initial datum \IJS’P satisfy

ayi=1- <¢GP,7§§;P¢GP> 0, (2.79)
By = ‘le@gp, HGPWSPY — 9P| = 0. (2.80)

Then, there exists a constant C' > 0 such that
1 §P77$§;p¢§P> <C <aN + By + ;I) 0", (2.81)

Furthermore, if there is complete BEC at time t = 0, then condensation is
preserved at any t > 0.

2.4.4 Bogoliubov Theory

In the previous sections we stated what is known about the ground state and
the ground state energy of many-body bosonic systems. We have seen that

31



one can characterize the leading order term of the energy and wave function
asymptotics as N — +o0o. The next natural question to ask is whether one
can capture the next order approximation of the ground state and how to
extend the results to excited states.

We recall that the Hamiltonian Hpy can be also seen as a restriction to a
single sector of a Fock space Hamiltonian H. Let us briefly discuss some
properties of operators over Fock spaces before proceeding further.

More explicitly, let .#n be the bosonic Fock space defined as

Fn =Py (2.82)

n>0

For any fixed f € h and for any ¥ € %y we can define the annihilation
operator a(f) as

(@(f)®)™ = v+ 1(f, 0, (2.83)

and the creation operator as af (f) := (a(f))*. These operators satisfy
some basic properties, that we recall in the following Proposition.

Proposition 2.4.11. Let {fj}j be an orthonormal basis of b, then

e a and a' satisfy the canonical commutation relations, i.e. for any

f,9€b

[0 (et ()] = (,9), (2.84)
a(f).alg)] = |a(1).a'(9)] = 0: (2.85)

o Let f,g,h,k €b, then
n)
(o' (Date) )™ = 3" Il v, (256)

(ot (D @ amyam)w) ™ = 3 11l Ikl 0. (287

In particular, if the number operator N is defined as (N\I/)(") =
nU™ | then

> al(fa(fy) =N. (2.88)

J
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In Case A we can consider the set of eigenfunctions of h given by ¢p, (x) :=
\A\_% ePX with p € A* := (%Z)d and set ap := a(pp) and al, == al (¢p)-
Then, in the N particle sector (i.e. the eigenspace identified by N = N) we
get

HN = H|%N — Z ‘p|2 ai) 2\/W Z p-‘rI‘ qapaq+r (289)

PEA* p,q,reA*
where we recall that ¥ stands for the Fourier transform of v, i.e.

Py (x). (2.90)

):\/TT’/Aclxe

If we now assume that there is complete BEC, then the occupation number
of the state ¢q is of order N, i.e. agao ~ N. In [B47| Bogoliubov introduced
what is nowadays called Bogoliubov approximation for the Hamiltonian
H, consisting of replacing ag and ag with v/N and then dropping all terms
higher than quadratic. We denote the resulting Hamiltonian as HP°8_ i.e.

o, N(N_ 1)/\
HBoe = #v (0) + Z Ip|? aLap (2.91)
p70

Z ( pap + al pd—p + aLaT_p + apa_p> (2.92)

2\/|A =

:N(N

)+ Ip|? +—v( ) | alap (2.93)
> (1 + )

0
<CLTCLT + apa ) (2.94)
pl—p T Gpl-—p | - :

2,/\A =

Now the key feature of HP8 is that it can be explicitly diagonalized, i.e., if
we set

dp = cosh apap + sinh apal,, (2.95)
dL := cosh OzpaT + sinh apap, (2.96)
P2+ A7 (p \/rp\ (b + 25 (p))
ap = arctanh , (2.97)

ep i= \/p\ +Wv( )) (2.98)
B+ \/r 2 rp\ <20 >)] (2.99)
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then dp and d; satisfy canonical commutation relations and we get
N(N—-1)_.
HBos — (2)1) (0) + EP® + > " epdlydp. (2.100)
p7#0

The Bogoliubov theory is expected to provide a better approximation of the
ground state of the many-body Hamiltonian if there is BEC.

The first rigorous results in this direction were proven by Grec and Seiringer
in [S11; GS13| in the mean-field limit. In Case A the result reads as follows.

Theorem 2.4.12 (Seiringer, 2011). Let EB°® be defined as in (2.100). Then,
E%f — NEH + EBog + @) (Nié) . (2101)

Moreover, the spectrum of H}&f - Eﬁf below a threshold & is equal to finite
sums of the form
> epnp+ 0 (E5N7E). (2.102)

p7#0

The results describes well the spectrum of the Hamiltonian but tells noth-
ing about the actual excited states; such information was derived by Lewin,
Nam, Serfaty and Solovej in [LNSS15|, exploiting a Fock space representa-
tion of the excitations over the ground state. This new idea was then used
by Boccato, Brennecke, Cenatiempo and Schlein in [BBCS1|, and more re-
cently in [BBCS18|, to investigate further the excitation spectrum of the
Hamiltonian in the Gross-Pitaevskii regime.

Theorem 2.4.13 (Boccato, Brennecke, Cenatiempo, Schlein, 2018). Let
ESP be defined as in (2.72). Set E and EB% as

+o0 k
1. 1 (—1)
E:=-v(0)+ = X
b1 (2.103)
v (p1/N) v((pj —Pj-1) /N) | ~
% 2. 2 I1 . ng v(pr/N),
1 8ma)?
EPo8 = — =" ||p[* + 8ma — \/|p\4 + 16ma |p|* — (8 >2 . (2.104)
2 p;éO 2 ‘p|
then,

ESP = NE + E®¢ 40 (N—%) . (2.105)

Moreover, the spectrum of H](\;,P — E](\;,P below a threshold & is equal to finite
sums of the form

an\/|p|4+16m\p|2 +0 (N—i (1+§3)). (2.106)
p#0
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2.5 Thomas-Fermi Limit

We now introduce the setting we are going to study in the rest of the The-
sis. We discussed before the Gross-Pitaevskii limit, which is a special dilute
limit but not the only possible one. Another relevant dilute limit is the so-
called Thomas-Fermi (TF) limit, which is named after the effective energy
functional reminding the TF functional appearing in the theory of fermionic
systems, and which importance in experiments was already mentioned in
1.3.2.

In the Gross-Pitaevskii limit we assumed that Na was constant as N — +00.
At the same time, to describe many experimental settings is useful to consider
Na as a large parameter, and therefore a different description must be used.
The TF limit consider a framework in which Na goes to infinity. We will now
see how to implement it mathematically. We consider the following many-
body Hamiltonian

N
HYF =3 by + QWN Y N (Nﬁ (x; — xk)> , (2.107)
j=1 1<j<k<N

Where § € (0,1) and gy > 1. We analyze the scattering length of the
potential in the following Proposition.

Proposition 2.5.1. Letv € C§° (R3) be positive and radial and let an be the
scattering length of vy (x) := gy N3/~1v (Nﬁx). Assume that gy < NP,
then

2
gN 9N
== + . 2.1
aN = o Rgdxv(x) O<N2—B) (2.108)

Proof. Recall that if f is the scattering solution and solves

1
—Af+§v]vf:0, (2.109)
then the scattering length satisfies
1
any = — [ dx oy (%) f(x). (2.110)
87T R3

If we now set h(y):=f (N_By), h solves a similar equation:

A _yh=0. (2.111)

The structure of the equation is now the same we found in Proposition 2.4.2
and, proceeding similarly, we get the result.

O
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Given that gy is a multiplicative constant in front of the potential we can
assume that the integral of v is equal to 1. Let us now compute the energy
of a completely factorized state ¥ := ¢®V and show that the kinetic term
is subleading with respect to the potential as N > 1. More explicitly, if we
consider a trapping potential of the form”U (x) = |x|®, with s > 2, we get

N e~ [ ax (VoGP + Ul 0P + 2 jo ('} (2112

.
= &7 [g]. (2.113)

If we then set
EJY =inf {E57 [¢] 1 ¢ € L? (R?)}, (2.114)
e tol= [ ix {7 VoG0P 4 UG 0GR + o001}, 215)
ESY = inf {5V [¢] 1 ¢ € L? (R}, (2.116)

then ng satisfies the interesting scaling property
EJY = g P EST, (2.117)
and the kinetic term is depleted by the small term in front of it.

In [LSYO00| Lieb, Seiringer and Yngvason were are in fact able to prove that
the first order of the energy is reproduced by a simple minimization problem
for the density, defined as

Fylp] = /11{3 dx {U (x)p(x)+ %PQ (X)} (2.118)
Fy:=inf{Fy[p]: p=>0, |p||; =1} (2.119)
= Floy). |

Under the above assumptions on U, one can prove the scaling property F, =
s 3 1
g5 Fy and pgy (x) =g s+3py (g_sTSx).

2(s+3

(s+3)
Proposition 2.5.2. If gy < N36+2 | then the gas is dilute in the Thomas-
Ferma limat.

_ s
Proof. A simple calculation shows that p, =~ Ngy"**. From Proposition
542

1
2.5.1 we get that ay ~ N~ 'gy. Therefore N N_%gf\,”' < 1.

O

"We choose here a homogeneous potential so that the computations are easier. One can
deal in a similar way with non-homogeneous potentials, provided that U is asymptotically

homogeneous, i.e “/}Elxg) — C >0 as |x| - +oo.
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Defining then E;{,F :=info (H;{;F) and the density of the system pT" as

2

I (x) ::/ dxg...dxy ’\IJTF(X,XQ,...,XN) , (2.120)
R3

the following result holds true.

Theorem 2.5.3 (Lieb, Seiringer, Yngvason, 2001). Let U (x) = |x|° and
v € C§° (R3), then

EN =NF,, (1+0(1))

" (2.121)
NG R (140 (1)),
_3_ 1 w—L1(R3
i (977x) D o (2122)

Even if there is convergence of the densities, this is not enough to ensure
convergence of the l-reduced density matrix. However, we will prove full

BEC in Chapter 3.

As far as our knowledge goes, there is no proof that condensation is preserved
as time evolves. In Chapter 4 we will discuss precisely this question. Indeed,
assuming condensation in the initial state, one can use techniques similar to
[P11] to get that condensation is preserved also at later times.
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CHAPTER 3

Ground State Energy and BEC in the TF Regime

In this Chapter, we discuss BEC in the TF regime. Furthermore,
we tnvestigate the next-to-leading order approximation for the ground
state energy of the system via the Bogoliubov approzimation. Based on
a joint work in progress with Michele Correggi.

We consider N particles confined in a box of side length L in d dimensions

A= [—%, %]d. The many-body Hamiltonian in this framework is given by

N
9N
Hy == N+ > on(w— ) (3.1)
j=1 1<j<k<N

acting on A := h¥V where b := Lger (A) with periodic boundary condi-

tions. We assume that gy — +00 and we will make the following assumptions
on vy.

We recall that for any ¢ € b its Fourier transform ¢ is defined as

d
1 , 2
)=y [dx oG, pen = (”z) |
Lz Ja L
Assumption 3.0.1. Let vy (x) := N%y (Nﬁx), with 8 € (0,1) and v €
C§° (A). We also assume that v is of positive type, i.e. v > 0.

Our main goal in this Chapter is to prove that there is BEC in the ground
state of the system, i.e. as N — +00, a macroscopic fraction of the particles
occupies the one-particle ground state, i.e. the constant wave function.

3.1 Ground State Energy and BEC

We first define what a ground state is.
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Definition 3.1.1. Let Ey (N) be the ground state energy of Hy, i.e.

Eo(N) :=info (Hy) (3.2)
=inf {(VU, HNU)|V € AN, || V] = 1}. (3.3)

We denote by Wy the unique (up to an overall phase) ground state of Hy,
i.e. the minimizer of (3.3), which satisfies the Schrodinger equation Hy Wy =
Ey (N) Wy, at least in weak sense.

We want to prove the following Theorem.

Theorem 3.1.2. Let v be as in Assumption 3.0.1. Then,

Ey(N) = 2]Z§ gnD (0) + O <gNNde) : (3.4)

Furthermore, there is also BEC in the one-particle ground state. This is the
content of next Theorem.

Theorem 3.1.3. Let v be as in Assumption 3.0.1. Let also Wy be the ground
state of Hy as in Definition 3.1.1 Then, if & := L% we get

< O\/I2N#-1gy (1 + \/L2Nd5—1gN) (3.5)
1

1
“7\(11()) - Pfo
where 7\(1,10) 1s the I-reduced density matriz of the many-body state Wqy. In
particular, if 8 < % and gy < N there is BEC for any fixed L > 0.

In the following we set P := P¢, and @ := 1 — P for short. Furthermore,
Pj and @; will denote copies of the operators P and @ acting on the j-th
particle Hilbert space h. The final goal is to estimate the fraction of the
number of particles outside of the condensate. To do so, we define N~ as the
number of particles not in the constant wave function (or number of
excited particles), i.e., mathematically,

N
N7 =>"Q; (3.6)
j=1

Given that &) is an eigenstate of the Laplacian, we easily see that [-A, P] =

[—A, Q] = 0. Moreover, one has the lower bound —A > (2%)2 Q. Therefore,
if we denote by T the kinetic energy, i.e.

N
T:= Z (—A;), (3.7)

Jj=1

39



we get that
27

T> (L>2N>. (3.8)

To get a control on the number of excited particles, it is thus sufficient to
bound T from above.

Now both results can actually be obtained as consequences of the next Propo-
sition, which follows a key idea in [S11].

Proposition 3.1.4. Let ¥y and Eo(N) be as in Definition 3.1.1. Then, for
any v as in Assumption 3.0.1, the following bound holds
gy N N

~ 3N =T (N0(0) ~ L~45(0)) < Bo(N) - L 70 0. (39)

Furthermore, if ¥ satisfies (U, HyW) < En(0) + u for some p, then

2\" G N> < (5,79) < 5N (§5,(0) 1450
<L> (v, ) < (¥, >_m< v(0) — u( ))"’M
(3.10)

Proof. We consider the energy of the constant function, which yields the
following upper bound to the many-body energy

Ey(N) < (&0, Hn&o) = NQQV@N(O) = Ng]!ﬁ(O). (3.11)
212 212

To prove the lower bound, we first recall the Parseval identity, which for v
reads

v(x)=L"% Y T(p)ePx. (3.12)

peEA*

Therefore we can rewrite the potential term in Hy as

1 - ey N
Y vt m) = 3 Y () et — ()
1<j<k<N 1<j,k<N peA*
(3.13)
1 v | N2
=— > v (p) || = Sun(0) > —5(0) — Sun(0), (3.14)
2L% R = 2L%

where in the last inequality we used that v > 0.
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From this lower bound, we deduce easily that, for any state ¥ € %y, we
have

2
(U, HyU) > (U, TT) + Ngfl (2‘]23 5(0) — ];[’UN(O)> (3.15)
N =N gN N _d_.
= (W, Hy W) — —rgni(0) > <ww>—h(w<o>—L w((O)) |
3.16
> —M (UN(O) - L*gﬁ(o)) , (3.17)

which gives us the lower bound in (3.9).

Moreover, suppose that U satisfies the hypotheses of the Proposition, then,
the lower bound we have just proven implies that

2
(U, TU) < Eg(N) + p — Ngf : <2]Z§ 0(0) — Z;[UN(O)> (3.18)
< zééval) (ow(0) ~ L755(0)) + . (3.19)

and the final bound follows from —A > (2%)2 Q@ and the definition of vy .

O]

Proof (Theorem 3.1.2 and 3.1.3). Theorem 3.1.2 follows from Proposition
3.1.4. As a first step to prove Theorem 3.1.3, we apply Proposition 3.1.4
to the ground state energy to get that, for a suitable constant C' indepen-
dent of N and L,

(Wo, N> W) < CL2N%Pgy. (3.20)

Now, for a generic state ¥ and a bounded operator A, we have
(U, AV) = (¥, Q1 AQ1 V) + (¥, PLAQ1 V) (3:21)
+ (¥, Q1APY) + (o, ASo) (¥, P Y). (3.22)

Therefore, we get that

1) _ (1)
e A L S (U 823
= ”iﬂgl [(Wo, A1Wo) — (0, o) (3.24)
= ”jlﬁgl (o, PLA1Q1V0) + (Yo, Q1 A1 P1 Vo) (3.25)
+ (o, Q141Q1%0) — (€0, Ao) (W0, Q1¥0)| (3.26)
< 2[]Q1 %ol (1 + |Q1ol]) - (3:27)
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The definition of N> and the symmetry of o implies that |[|Q1%o|* =
N1y, N>W¥y) and therefore

W _pl| < 2 = L >
6 -P| < I VT N W) (1+ VW VW) ) (329
< O\/I2N#B-1gy (1 + \/L2NdﬁflgN) . (3.29)

O]

3.2 The Bogoliubov Theory

To investigate the next order approximation of the energy, it is useful to
think in terms of excitations with respect to the ground state, which in turn
are easier understood exploiting the formalism of Fock spaces. We recall here
some of the key properties of such spaces.

3.2.1 Fock Space

We now recall and expand some of the definitions already introduced in
Section 2.4.4. In our case, the Fock space F reads

F= L, (3.30)
k>0

which is conveniently used to describe a system where the number of particles
is not fixed, i.e. particles can be destroyed or created. Let ¢ € L? (A) be a
one-particle state; for any ¥ = (\If(k))k>0 € F we define the annihilation
operator a (¢) (respectively the creation operator af (¢)) as

(a () )P = VETT /A dx IV (x, x4, Xk); (3.31)

(k)

k
1 -
(aT (p) \Il) = 7E E @ (x5) GED (x, . Xjiy X, -, XE) . (3.32)
j=1

Notice that with such definitions we have a(¢)* = af(¢) for any ¢ € L? (A),
and a and af satisfy the canonical commutation relations (CCR):

@)’ @)] = ), lal).a@)] = [af(@)a'@)] = 0. (333)
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Since we are interested in condensation on the constant function &p, it is
convenient to consider excitations generated by creation or annihilation op-
erators on specific states forming with &y a complete orthonormal system. In
particular, given that the kinetic term controls the number operator, we are
going to use the eigenfunctions of the Laplace operator —A with periodic
boundary conditions. Let then &, (x) := LL%e—ipx, with p € A*. Then, we

set ap = a(&p) and an := a'(&,) for short. The CCRs thus become

[ap,ag} = 0p.q> [ap, aq] = [al,,ail} =0, Vp,q € A", (3.34)

These operators satisfy some interesting properties. For instance, if we define
the number operator A as (N®)*) := n¥®) | then we get

> alap =N, (3.35)
pEA*
which in particular implies that N'ap = ap (N — 1) and Nafy, = al, (N + 1),
as intuitively guessed by the particle counting analogy.

The different sectors of the Fock space F are then identified by the number
of particles. The action of anaq in the sector with n particles is explicit and
given by

aLaq = Z ‘§p><§q‘j ) a;r)a];aras = Z |fp><fr|j ’fq><§s|k- (3.36)

j=1 1<j#k<n

The idea is now to represent the Hamiltonian in (3.1) as an operator act-
ing only on the N-th sector of the Fock space and rewrite it in terms of
creation and annihilation operators. The kinetic term is easily given by
T=3 pen p|? a;r,ap, while the interaction becomes

S on (g —xi) = — 303 Gy (x) e (3.37)

d
i<k 2L2 2 ren

1 ~
=—2 > ()Y pre)Goliléa) Catele  (3.38)
2L> p,q,reA* J#k
1 I
=— Z on (r) a;r)+railapaq+r. (3.39)
2L2 p7q’r€A*

Hence the Hamiltonian Hy acting on the Fock space F reads’

2 gnN ~( T
Hy = § Ipl* abap + —— E v (7]\75) CLLHaLaPaqH, (3.40)
peA* 2NL2 g ren

Notice that now N is a parameter, which equals the number of particles only in the
N-th sector.
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and coincides on the sector with NV particles with the Hamiltonian defined
n (3.1). More in general, given that [N, Hy] = 0, Hy maps the n-th sec-
tor to itself, i.e. Hy is block diagonal with respect to the particle sector
decomposition of F. This will be useful later.

3.2.2 Towards the First Order Correction

We now investigate the Fock space structure of excitations. We recall the
definition of the symmetric product of two different states: let ¢, € h®s*,
with k € {k1, ka}. Then @, @5 @, € h&F1Hk2) where?

(Solﬂ s Splw) (X17 s Xk1+7€2) =

1
= Phy (X (1) -+ + > Xo(ky)) X
\/kl!kQ! (k‘l + k‘g)! 0—6§+k2 1 1
X ks (Xo(ki41)s - - s Xo(ki+k))-  (3:41)

We now consider the excitations with respect to the condensate in the con-
stant function &, and set hy = {§O}L; then, there are uniquely defined
functions ¥y € § +Sk, such that

U =T8N + 0y @, VY 4 0y 0, FV 4 4wy (3.42)

If one then defines Fy = €, h+sk, the excitation Fock space is the

subspace
N
SN . @ h3sk. (3.43)
k=0

Furthermore, the map U : ¥ — {\Ifk}ivzo is unitary from Hy to ]-"EN, and

N k
(UND), = [1 =[S} (&l1®" \/7 (3.44)
N TN k
U ({9e3,) = (3.45)
N( kS 0) kz;) /7]\, 2

Since we are interested in the spectral properties of Hy we aim at computing
UnHnUjy =: Ly. The number operator in the Fock space here represents the
number of excitations and we denote it by N, ; note that 0 < Ny < N. We

?We recall that Sy, is the group of the permutations of k indistinguishable elements.
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also denote the non-zero momenta as A% := A*\ {0}, so that ZpEAj_ aLap =

N Tt is also convenient to introduce new creation and annihilation operators
bp and b}L, as

N - N} N — Ny
bp = N e bh=ahy (3.46)
Indeed, with this definitions, we get
Uy (aoao) Ul =N — Ny, (3.47)
Un (agap) Uy = \/Nbp, peEAt, (3.48)
Un (aLao) Uy = \/Nbl,, peAl, (3.49)
Uy (a;r)aq) Uy = aJl[,aq, p,q €A’ (3.50)
Notice that the b’s and b!’s do not satisfy the CCRs
N-N; 1
[bp, by] = [bg,bg] —0, [bp,bg} = Spa——— — ehap.  (351)

We are now able to write down Ly in a more suitable way, as the sum of
four different terms: Ly = Lo + L2 + L3 + L4, where the label j stands for
the degree of the polynomials in the creation and annihilation operators of
the corresponding terms:

Lo=—_G(0)(N—No)(N+Ny—1), (3.52)
2NL2
_ 2t g - t 1 i
Eg.-Z!p\aaP+E Z*v(]\w)(bb Npap>
PEAL PeA} (3.53)
1 2 () (bobp + het)
+ v bpb_p + bpbL
215 Z N?
9N ~ T
L3 = ( )(aTa bpiq+ al qaph ) 3.54
T o) (et 0
p+q#0
9N ~( T
Ly := r Z v (W) aI)JrraflapaqH. (3.55)
2NL> P,a€AT TEAT,
p+r#0#q+r

The intuition about the above decomposition is that, as heuristically sug-
gested by Theorem 3.1.3, the operator N, is small for large N. Moreover,
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the operators ap and bp should be thought as controlled by /A ; hence the
main part of the Hamiltonian Ly is given by Hy, i.e.

N-1)_
Hy : = MU(OH > [|p|2bpr (3.56)
2Lz pent
IN (P i it
+0 ( = ) (26hbp + bpbp + bpb_p>] (3.57)
N-1
- a0+ Y (bR + o (8) ) thte (359
2L2 peAs Lz \N
gN +
+ ”(Nﬁ) (bpb-p + B" )] (3.59)

where Dy, := |p|? and Vj, := gy L™~ e ().

From now on, we set . = 1. Equivalently, we can rescale all lengths by L and
replace gy — L% gn. Now, Hy is a self-adjoint operator which is quadratic
in b and bf. This implies that it is diagonalizable: let 0 < ap < 1 be a
sequence with a_p = ap and set

bp + ozpr B b;r, + opb_p

,/1—0[2 ,/1—a%.

Then, if we denote by €, the energy associated to the momentum p, we get

Z Epfrtfp = Z 1 jpa2 [(1 + af,) bpr +ap (bpbfp + prbT—p):|
P

pEAj pEAi

fo = (3.60)

2

epap | N-Np 1 €0 ;

+ E T —a? N N E ———alap | . (3.61)
peA’ p peA’ P

By a suitable choice of o and €p, we can thus recover Hy. More precisely,

we get
Bl + 97 () = 1pF (IbP + 207 ()
ap = , (3.62)
gNU (NB)
~( P
€p = \/|P|2 (|p\2 + 29NV (W)) (3.63)
Now, if we define Ep, := €p (1 — 0412))71 ap and Epgg i= — ZpeAi Ep, We can

46



finally write

o= 3 |IoF ot (25) = \oF (10 2080 ()] 6

N-1 _ 1 —
Hy = 5 INv (0) + Epog + Z epfg,fp t Z :pagap. (3.65)
PEAY peEAt

[1]

The value Epoe can be made more explicit.

Lemma 3.2.1. Let V0, % e Lt (R3) and let d = 3. Then,

~ 2
Epog = —N* 9n0 (p) 2 NBY .
bos /a0 ( yor) o (sk?) (3.66)

Remark 3.2.2. A similar formula can also be proven to be true for any
dimension d > 3, but the same does not happen in d = 2; indeed, to have
boundedness of the first term on the right side of (3.66) it is required that v
vanishes in 0. On the other hand, v (0) equals the integral of v and therefore
can not vanish under our Assumption 3.0.1.

Proof. In this proof we denote =, as Z(p) for later convenience. For any
peWwhl (R3) and M > 0, we have

/Rgdp o)~ > o (2) <J\;3/ dp Vo (). (3.67)

PEAY

Let us apply the inequality with M = N® and Z(p) = ¢ (%) Estimating
\Y [E (Nﬁp)] = NBvE (Nﬁp), it is easy to check that

/Rddp ’]\WVE (Nﬁp)‘ SCgNNB/ dp (A’(‘)HV (p )\), (3.68)

and applying this to the definition of Eps, we deduce that

‘EBog + N9 /Rd dp E (N6p>’ < CgyNP. (3.69)

It is then straightforward to check that

9]—V2N25/ dp = (Nﬂ )_/RB dp (;p’)z—i—o(l), (3.70)

which implies the result.
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One expects that in three dimensions Ep,, captures the first order correction
to the ground state energy
N-1

Ey (N) = = gNa(0)+EBOg+o(g%vN<d—2>ﬁ). (3.71)

The main difficulty in proving (3.71) above is that the operators f and fF
do not satisfy the CCRs:

ST alz) o e aelyea) 072
1 q
[ 7fT] N\/ —a2) ) (apafla_p —aqaLa_q), (3.73)
N - N. 1
] e gyt (et
(3.74)

A possible strategy to overcome such a difficulty may be to proceed as in
[BBCS1] and to exploit a unitary Bogoliubov transformation V), such that
VfpV* = ap, which would lead to estimate the transformed Hamiltonian
VUNHNURNV. We do not discuss further this topic and move to the analysis
of the dynamical picture.
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CHAPTER 4

Dynamics of Bose-Einstein Condensates in the TF
Regime

In this last Chapter, we discuss the derivation of an effective equation
for a many-body bosonic system in the TF regime. In particular, we
prove that, if there is BEC in the initial datum, it is preserved at later
times. Based on a joint work in progress with Michele Correggi, David
Mitrouskas and Peter Pickl.

4.1 Main Result

We now study the solutions of the N-particle Schrodinger equation

{ 10V = Hy Wy, (4.1)

\Ijt‘t:() = \1/07

with symmetric initial state Wq to be specified below and many-body Hamil-
tonian Hy given by

Z (—A; + U (x;)) + %V Y un (x5 xp) (4.2)
=1

1<j<k<N

acting on the Hilbert space J%y := h®N  with b := L? (Rg). This describes
a trapped system in R3, i.e. what we previously called Case B in Section
2.4. The trap U is assumed to be a homogeneous potential of the form
U (x) = k|x|® with k£ > 0 and s > 2. In this Chapter, vy is the intensity of
the pair interaction and has the following form.

Assumption 4.1.1. Letv € C§° (R3) and B € (0,1). Then, vy is given by
oy (x) == N3Py (N/Bx) . (4.3)

Given the presence of gy a multiplicative constant in front of the potential
we can assume that the integral of v is equal to 1.
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Given that Hy is symmetric, the symmetry of the initial datum Wg is pre-
served, i.e. it evolves into a symmetric function W,. Therefore, if we as-
sume that the initial state ¥y shows complete BEC on the one-particle state
o € L? (R3), we expect that the many-body state U, at time ¢t shows BEC
as well on a one-particle state 1, satisfying the Gross-Pitaevskii (GP)
equation

{ Oy = (—A +U +gn W}t’2) Vi, (4.4)
¢t|t:0 = vo.

Our goal is precisely to prove that this guess is asymptotically correct as
N — 4o0.

As we saw already in Section 2.5, due to the presence of gy > 1, the kinetic
term and the trapping term do not scale in the same way as the interaction
term. In particular the minimizer of the effective one-particle problem does
not live on a length scale of order 1. A rescaling of the spatial dimensions,
and in turn of energy and time, is then called for.

To do that, we define rescaled coordinates y and time 7 introducing new

parameters
s+2

— k2 ~ _2
e = gN2<s+3>7 N :=¢ BGFI N, (4.5)

and setting soss) )
Ti=¢ s+2 t, y :=¢ st2X. (4.6)

Remark 4.1.2. Recall that the dilute condition on gy, as in Proposition
2(s+3)
2.5.2, reads 1 < gy < N36+2), In terms of € such a condition becomes

e> N73. (4.7)

__3N
2(s+3) y N
\I/t (Xl,.

If we then set ®; (y1,...,yn) = gy ..,XnN), equation (4.1)

becomes - .
? - T
Lo e =
with a new rescaled Hamiltonian Ky
al 1
Ky = Z (—€2Aj +U (yj)) + N Z Uy (yj — yk) . (4.9)
j=1 1<j<k<N

The new Hamiltonian exhibits now two important features: on the one hand,
it is now apparent the small pre-factor €2 in front of the kinetic term, which
plays the role of an effective Planck’s constant; on the other hand, the inter-
action potential now converges to a Dirac delta much faster since N> N.
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The result we wish to prove is that, if we assume factorization in the initial
state, then factorization is asymptotically preserved. Hence, we set

d
¢T (y) = 912\7(s+d) ¢t (X) ) (410)
so that ¢, now solves the rescaled GP equation
{ Z‘87'¢’r = _52A¢7’ +U¢r + ‘¢T‘2 ¢Ta (411)
d)‘l"q—:() = QZ)O-

To prove our result, a crucial assumption is needed.

Conjecture 4.1.3. If ||¢o||,, = O (1), then

swp 65l < C. (4.12)
T7€[0,+00)

Some comments about the Conjecture above are in order before stating the
main result.

Remark 4.1.4. The statement of Conjecture 4.1.3 does not trivially fol-
lows from the properties of the GP equation. Indeed, despite wellposedness
is ensured by conservation of the L?> norm and of the energy, this is not
sufficient to prove uniform boundedness of the L> norm, at least in two or
more dimensions. Indeed, while in one dimension, conservation of the energy
and Sobolev embeddings easily implies the Conjecture, in higher dimension
this is not true anymore. On top of that, a second difficulty related to (4.12)
is that it requires a uniform estimate of |||, in terms of the parameter
€, which is typically hard to deduce even knowing a suitable propagation of
higher Sobolev norms.

It is important to notice, however, that even if Conjecture 4.1.3 is crucial for
our result, this 1s mostly a technical problem related to the PDE theory of the
GP equation and therefore rather disconnected from the present investigation.

There are however some results toward Conjecture 4.1.8, both in Case A
[S12; PTV17/ and Case B [CO8; C15/, but, on the one hand, they do not
cover our setting, and, on the other, do not typically provide quantitative
estimates of the L™ norm, whose dependence on € is crucial for our result.

For later purposes, it is convenient to introduce an intermediate effective
equation, the Hartree equation:

{ i0rpr = —€2Apr + Ugpr + v * o7 r (4.13)

(PT’T:() = ¢p.
The result that we aim at proving is then the following
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Theorem 4.1.5. Let € (0,%) and § € (0,1 —60). If

IYwy — Pyoll = an < e~ 52 N3-1, (4.14)
5546
£GP (o] — ECP =: by < [loge|ie 2 N6, (4.15)
s+2
e [(1— 68— 8)log N| 25, (4.16)

then, for any time t > 0,

2(s43)
=

e, — Py || < Ce™72e%* N=(1=68-0) 4 Clloge|i e~ ¥ NP, (4.17)

Remark 4.1.6.

o The first assumption, (4.14) guarantees that there is BEC in the initial
datum; the precise rate in (4.14) allows for the best possible result in
(4.17);

e the second assumption, (4.15) is a condition on the energy which en-
sures that the initial datum is close enough the the ground state of the
effective problem. This hypothesis is important in particular to prove
that the intermediate solution o, is close to ¢r;

e condition (4.16) could actually be dropped from the statement, but it is
assumed in order to deduce BEC from (4.17): indeed, we get that for
any timet >0

[vw, = Pyl = 0(1), (4.18)
and therefore there is BEC also at t > 0;

e notice that (4.16) implies (4.7), and therefore the system is dilute in
the limit;

o the TF scaling is particularly relevant when considering superfluidity
features of rotating BECs. In particular, in [JS15]/ it is shown that if
the initial datum has a vortex, then the vortex moves on a time scale
of order t ~ 6#42 [loge|. Therefore, our result covers the relevant time-
scale for the vortex dynamics in BECs. The next step would be to con-
sider an initial many-body state with vortices and study its evolution.
Of course, a stronger convergence would be needed, i.e., one would like
to prove that for any first order differential operator D,

1D (ywr, = Pyl = 0 (1) (4.19)

The proof is achieved in two steps: first, we use the techniques introduced
in [P11] to approximate ®; in terms of ¢,, and, subsequently, we estimate
the distance between ¢, and ¢,.
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4.2 Good and Bad Particles

The key idea about estimating the closeness of ®, to a factorized state is
to control the number of bad particles in the many-body system (i.e. the
particles not in the state ¢,), using the methods introduced in [P11]. We
thus define the projectors on the spaces of good and bad particles and discuss
some general properties of these projectors before attacking the derivation
of the Hartree equation.

Definition 4.2.1. Let p € L? (]R3) and @y € L? (R3N).

1. For any 1 < j < N, the projectors py : L2 (R3N) — L% (R3N) and
qf =1- pf are defined as

Py = ¢ (x) [ o (@) b (x; = 2) da (4.20)

2. Forany 0 <k <j < N we set

J
Al = {a = (a1, ag,...,aj): a € {0,1}, Zal = k} (4.21)
=1

and define the orthogonal projector Pfk on L? (]R3N) as

J
Pfk = Z H (pﬁf—j-&-l)l_al (qlf/—j-i-l )al~ (4.22)

acAj, I=1

In the special case j = N, we set Plf = P]“\'} i, while for negative k and
k> j, we set P;pk = 0.

3. For any function f : {0,1,...,N} — R{ we define the operators f“”
and ff: L? (RSN) — L? (R3N) as

N
Fe=Y FGHPE=Y10)PY, (4.23)
j=0 jez
f7=> f(j+d)Pf. (4.24)
JEZ
Notation 4.2.2. e By comparison to this operator and Lemma 4.2.3,

point (b), we can think of f® as a different weight on counting the
number of particles orthogonal to @: an estimate on a function f which
take a large value on a specific value k will be useful to measure k
particles orthogonal to ¢. A natural choice will be to choose to estimate
a function f that is larger on higher values of k.
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o Observe that the rank of the projector Pfk is the space of states that in
the last j particles have k good ones.

o We shall also use the bra-ket notation p;p = |)(pl; for short.

e Throughout the Chapter hats™ shall solely be used in the sense of Def-
mation 4.2.1, part 3.

Some interesting and important properties of the operators defined in Defi-
nition 4.2.1 are given in the following Lemma.

Lemma 4.2.3. Using basic combinatorics ofpf and q;-P we get:

(a) For any functions f,g:{0,1,...,N} — R we have that
fi="rfg=39f. foj=vif. FPi=Puf. (4.25)

(b) Letv:{0,1,...,N} — R be given by v (k) := (/£ Then

o= Ly
Nz_: (4.26)

i.e., the square of U¥ is the relative particle number operator of particles
not in the state.

(c) For any f:{0,1,...,N} = R and any symmetric ¥ € L? (R3N)
~ 2 - 2
[Far] =[7eee] (427)

< N—1 |7 (W)Q\IJHZ. (4.28)

|Fratasu] <
(d) Forany f:{0,1,... ., N} =R, v:R =R and j,k = 0,1,2, we have
f“onv (x1,%2) Qf = va (x1,X2) ﬁfp_ka, (4.29)

where Qf = pips, QY :=pYqy and Q% = q{q5.

Proof. (a) follows immediately from Definition 4.2.1, using that p; and g;
are orthogonal projectors.

To prove (b) note that Up_j. Ay = {0, 1}V, so that 1 = Zszo P?. Using also
2
(¢f)” = ¢f and ¢fp{ =0, we get

N N N N N N
NN = NSy P = NS ey =N Yy
k=1 k=1 j=0 =0 k=1 =
(4.30)
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and (b) follows.

Let now (-,-) be the scalar product on L? (R*"). In order to get (4.27), we
can use the symmetry of ¥ and write

HPW\I’HQ_ (fp) (7%)° IZ ( ) U) = (4.31)

2

- (v, (fso)qu W) = (.qf (f“’) i) = | (7) are|

(4.32)
Similarly,
~ 2 N2
P | =g (F7) @)t w) (4.33)
N N2
=N, () gfafw) = (4.34)
j k=1
N — . .
= S, () apas )+ N (7 gfw =
(4.35)
_ LA_[ ! Hf%@qfqulf)r + N2 Hﬁ"ﬁ/’m“z (4.36)
and (4.28) follows.
Using the definitions above, we also obtain
fchLp Xl, X2 Z f PQPQ(P Xl, XQ) Qf = (437)
N
= Z FQO)PY g ;QFv (x1,%2) QF = (4.38)
=0
N
=Y L) Q% (x1,%2) QFPF_y_; = (4.39)
=0
N
=3 ) Qv (x1,x2) QEPE 4 = (4.40)
1=0
N+k—j

= Y Qulxixe) fL+i—K)QPFF =  (4.41)

J
= Qv (x1,%2) QL [}, (4.42)
which yields (d).
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4.3 Preliminary Energy Estimates

Before stating and proving the main theorem, we first show some preliminary
energy estimates for the GP and Hartree solutions. In general we have that
the flow induced by the differential equations (4.11) and (4.13) conserves the
energies £GP and X, respectively, where

el = [ dy {1V @)1+ U e 0F + o+ o @)l 0P
(4.43)

e idli= [ v {2+ UmIemP + ol @

= [y (U + ;). (4.49)

We now want to establish some relations between these three energy func-
tionals and, in particular, between the energies of the states ¢, and p,. We
first prove that a energy estimate of the initial state guarantees a control
of the kinetic energy at later times. We define the respective ground state
energies as

E# = inf{S# W) : ¢ eb, v = 1}. (4.46)

We also recall a result proven in [BCPY08|.

Theorem 4.3.1 (Bru, Correggi, Pickl, Yngvason, 2008). Let ECP and E™F
be defined as in (4.46). Then,

ECP = ETF 1 O (e |loge]). (4.47)

From the previous Theorem, one easily deduces that the kinetic energy of the

minimizer HV@Z)GPHQ is at most of order O (7! |logel); on the other hand, it

is easy to show that HVqﬁGPH2 > C' > 0, where C does not depend on «.

Proposition 4.3.2. Let ¢ € by be such that

EP [ <ET 4K, gl =1 (4.48)

Then, the kinetic energy of ¢ is bounded as

K
?.

IVe|* < (4.49)
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Let also ¢o satisfy (4.48), ||¢oll,, and Conjecture 4.1.3. Then, if ¢ is a
solution of (4.13), as N — 400

JE
IV || < C-5 <\F+ T ) , V7 > 0. (4.50)

Finally, let K > N_QBE_Q, then

C
1EST 7] — £F [go]| < N\/: (1 + 53> . (4.51)
Proof. From the definitions (4.44) and (4.45) we get
1 K
IVel? = 5 (69 o) €7 [Il]) < 5 (€ [l - E™) < 55, (452)

and this proves (4.49).

To prove (4.50) we use conservation of the energy to write

IVorl? = 25 (€% 60] — £ [go] + £ [n] — €7 [lr]) < (459
1
2

< = (|% [¢o] — E°F [go]| + |ESF [po] — ETF]). (4.54)

The difference between the two energies can be estimated using the fact that
the potential converges to a Dirac delta as N — +oco0. We get that for a
generic function ¢, it holds

2% )= £ (0ll = 5| [y [0 —vg +1oP 9] 16 0P| = (455)
5| [, vz 16 v (o [|¢<y>|2—\¢<y—§ﬁ) ] — (450)
=;'/ dydzv<z>|¢<y>|2/01dsi\qb(y—]%zﬂ)2 < s

o Bl )

/ds/RGddeN 2) 16 (y)’
(4.58)

1
< Kfﬂ/n@ dz |zlv () ||9|I5 | Vol <% |!¢!!6 Vel (4.59)

where in the second to last step we used Hélder inequality.
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Now we can choose to bound [|¢||3 in two different ways; either we use a
bound on the L*° norm of ¢ to get

ol < IglI2, . (4.60)

or we use Sobolev embedding (see [AF03]) to get [|¢]s < C||¢[3:. The
first inequality allows us to estimate the terms containing the difference of
energies in (4.54):

C CVK
P [po] — M [¢o]| < == ||ol? 4.61
€5 o] — €7 [o]| < 75 19ollec 1V o]l < e (4.61)
We then substitute this term in (4.54) to finally get
C (VK C’\/ CK
IVer* < ( Ioll2 ) (4.62)

and this concludes the proof of (4.50).

To prove (4.51), notice that, assuming K > N~2fc~2, we obtain |V, ||? <
%{ thanks to Conjecture 4.1.3 and the hypotheses on the initial datum.
Using the same calculation above, we then get

€ ipr] = €9 [0l < € [io7] — €M [or)| + (4.63)
+ €97 [go] — EM o] | < (4.64)
]\(; lorllzn IV C\ﬁ (4.65)
C\F K3
< NBE <1+53), (4.66)

where we have made use of the inequality (4.59), of the hypotheses and of
Conjecture 4.1.3.

O

Corollary 4.3.3. Let ¢, and ¢, as in (4.13) and (4.4), respectively. Let
also ¢o be such that EGF [¢g] < EGY + &, Then,

& Cllog a|%
= |or + —= + CE€. 4.67
[t =102 < 22 St Ce (4.67)
Proof. Recall that ¢CF satisfies
2
—E2A¢GP + U¢GP + ‘¢GP‘ QZSGP — MGP¢GP; (468)
1 4
P:EGP+§H¢GPH4. (4.69)
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Let now ¢ € b; define u := d)%, (which is well defined because ¢CF (x) > 0
for any x € L? (R3)). Then, if we consider the kinetic energy of ¢, we get

2V ) = — (69T, uf? ApSTY =
(4.70)

V612 > a6 >+ 5496

1 1 1
= B+ 5 65— 50 (U +[6%[) 0. (4.71)

Using the inequality above to replace the kinetic energy in EGF [¢], we get

ECP [¢] — ECF > % H\¢I2 - \¢GP\2H2. (4.72)

We now want to use Proposition 4.3.2; to do so, we notice that hypotheses
ECP [¢o] < ECP 4 ¢ and Theorem 4.3.1 imply that we can choose to apply
equation (4.51) with K < £+0O (eloge). Using this information, conservation
of £GP for ¢, and the previous inequality we get that the distance between
|¢-|? and |¢-|? can be estimate by showing that are both close to }qﬁGP}z:

1652 = 1or 2| < |10 = 1657 2| + 12 = [657P|| < (4.73)
< \[2(69 [ou] - BOP) +\[2(EP [pr] —EO) £ (4T4)
< & +CE(;gi|i +OVE. (4.75)

T Nz2g2 Naei1

O

4.4 Derivation of the Mean-Field Equation

We now discuss the approximation of ®. by the tensor product of one-
particle states ;. Proceeding as in [P11] we aim at controlling the functional
a: L* (R3Y) x L? (R3) — R{ given by

o (@,p) = (D,7i°®) (4.76)

for some appropriate weight m : {0,..., N} — Rar . We prove later that for
a suitable choice of m the estimate of a (®,, ;) implies condensation. More
precisely, we make the following choice for m.

Definition 4.4.1. For any X € (0,1) we define the function p as

for k < NA
otherwise.

_k_
p (k) == { fV,M (4.77)
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Moreover, for any N € N, we define the functional ozj\\, : L? (R3N) x L? (RB) —
Rg as
1/2
)"

We are now able to state the result that provides the first part of the proof
of Theorem 4.1.5.

Theorem 4.4.2. Let 3 € (0, %) and A € (38,1 —35). Let also vy (x) satisfy
Assumption 4.1.1, then

2

o (B, ) = (@, i) = \ (4.78)

ay (@, 0,) <

£~ 36— (1+67$N7#)T
) e -1+

1-X—38

B <1+5_S+L2N* 2

N (1—‘1—87%2]\[771_)\2_3&)7'
+ Q' (®07 ¢0) e

(4.79)
Corollary 4.4.3. If HVC(I}T) — Py || <& for some § =0(1), and
N <1 (4.80)
NN = max {575%]\735_1, §} , (4.81)
then for any fized time T
HW(PT - P, Hl < Oy N1 (1 + nNNl_’\eCT) . (4.82)

Proof of the Corollary. We first use Lemma 4.4.4 to get that o} (®o, ¢g) <
O (§N1_>‘); we then apply Theorem 4.4.2 and use the hypotheses to get that

&) (Br, ) < (5*$N35” Lo (gNH)) eC < (4.83)
< C'max {5_8%N3’871,§} N17ALCT, (4.84)

We now estimate the difference between the projectors:

17* = P, ||y < 2llare-ll (1+ lqaepr ) - (4.85)

T

Now, g1 can be bounded in terms of af‘v as
HQISDTHQ < (@7, 17 R7) = a (Br, 1) < (4.86)
< max {g—S%N?’ﬂ—l, g} NIALT (4.87)

and the result follows.
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4.4.1 Convergence of the Reduced Density Matrix

In [P11] it is shown that if g = v?> = £ then convergence of a (®,¢) to 0
is equivalent to convergence in trace norm of the 1-reduced density matrix
to Py. In our case the two convergences are not equivalent, but we remark
here that since p* (k) > £, for all 0 < k < N and all A € (0,1), then
ay (@, ¢) > (®,02®). Therefore, [P11] implies that, for all X € (0, 1),

NEIEW oy (®,0) =0= Nlirilmy W P, in operator norm. (4.88)

The converse is not true and thus to deduce condensation from the estimate
of a; (®o, ¢o) and the condensation assumption at initial time, we need the
following Lemma.

Lemma 4.4.4. Let 0 < A <1, £ <0 and let H'yq’ — P¢H =o0 (Nf). Then
o (®,6) = o (NHH) . (4.89)
Proof. Under the above assumptions, (¢,7®¢) = o (Nf). Writing
a® = /@(X,XQ,...,XN)(I)(X,XQ,...,XN)dX
21 @ (x,%X2,...,XN) <p‘f5 (x,X2,...,XN) dxX+

q <I> XXQ,...,XN) <p(f$ (x,X9,...,XN)dx+

+

(p <I> (X, X2, ..., XN) (q‘f@ (x,X2,...,XN)dx+

+

+ (q <I> (X, X2,y XN) <q(f$> (x,X2,...,XnN)dx

-/
/
/
/

2
and using that (q qb) x1) = 0, we obtain that le@H —1=o0 (Nf). By the
identity p1 + q1 = 1 and Lemma 4.2.3, point (c),

Hq‘fq»HQ — (®,7°0) <<<1> Sy P¢<1>>> - o<N€). (4.90)
Since p? (k) < EN—, for any 0 < k < N,

N
ay (®,¢) < N'H <<<1>, > ]]f]P,f’<1>>> =0 (Nl_“f) . (4.91)

k=0
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4.4.2 Proof of Theorem 4.4.2

We first state some useful operator estimates.

Proposition 4.4.5.  (a) For any f € L? (R%) and for any a € [1,+00)
£ 1= x2) Y| < 191l 1l - (4.92)

(b) For any g € L' (R®) and for any b € [1, +oc]

plg (x1 = x2) pf]| < 113, lgll (4.93)
(c) Let vy be defined as in (4.3). Then,

38
lowll, = N [lv]], (4.94)

Proof. The proof of (c) follows from a simple calculation and we omit it. We
then focus on the proofs of (a) and (b).

We start with (a): setting p{ = |¢ (x1))(¢ (x1) | , we get
2 2
| £ 1= x| = sup |7 (x1 = x2) 0 (4.95)
[@]=1
= sup (@,]¢ (x1))(¢ (x1) |f* (x1 —x2) [¢ (x1))( (x1) |®).  (4.96)

Using that for any given a € [1, +00]
sup (¢ (x1) |12 (x1 = x2) [ (x1)) < (92 11 2 (4.97)

x2€ER3

and applying Cauchy-Schwarz inequality, one gets

2
|7 60 —xppt][ < sup @1 1613, 1115, (4.98)

To prove (b), we estimate

leg X1 — X p1H Hp g (x1 — %2 !p1H (4.99)
Hp Vg (a1 = x2) [V/]g (x1 = x2) [p] H (4.100)
< Hmm‘ (4.101)

and by (a), we get (b).
O
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We now want to apply a Gronwall-type argument to estimate the growth in
time of a)\ (@, ¢, ), and therefore we need to study &y (¥, ). We use the
following definitions to simplify notation.

Definition 4.4.6. We denote by U; . the difference between the time and
mean-field interactions for two particles, i.e.

Uj,k = (N — 1) vﬁ (Xj — Xk) _NUN* ‘907‘2 (Xj) —NUN* ‘QDT‘Q (Xk) . (4.102)

Lemma 4.4.7. Let Ff\v L2 (]R3N) — R be defined as

DX (@) : = 2mm ((@, (7 — 1) prapUsoppe®))  (4.103)
+1m (@, ol 2 (B9 = 37 prpa®)) (4.104)
+ 2Im <<<<I>, (ﬁif - ﬁ)"“0> Q1Q2U1,2P1QQ<I>>>> . (4.105)

Then, for any solutions ®, and @, of the Schrodinger (4.8) and mean-field
(4.11) equations respectively, and for any X € (0,1), we have

ay (®r,07) =T (D7, 07) - (4.106)
Proof. Let
N
H;Zf = Z [—52A +U + vy * |<,0|2 (xj)] (4.107)
j=1

be the sum of mean-field Hamiltonians. We have
d ~ ~
$r — 4 pr e
A [f ,Hmf} (4.108)

for any function f :{0,..., N} — R. We will now drop the labels ¢, and A
in the rest of the proof to simplify the notation. By (4.108), we get

d?\f (@7, 0r) = i<<KN(I>Tyﬁ(I>T>> - Z‘<<(I)77//L\K’N(I)7'>> + i<<(I>T7 [ﬁv Hmf] ¢ >>

(4.109)
— i@y, (K — Hng 1] @) (4.110)
Using the symmetry of ®, and the selfadjointness of Ujj, we obtain
. i ~
O‘i\v (Pr,p7) = §<<(I)T7 (U2, 1] ®7)
1 ~ ~
=9 (@7, 5 U12®7) — (@7, Ur o1t 7))
=Im ((®, 2 U1 2®,)). (4.111)
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Note that, for any p: {1,..., N} — R} (remember that Py j = 0 whenever

k <0or k> N), we can write

= (1 (k) prpaPn—2k + 1 (k) praaPN—2,k—1

1 (k) qupaPn—2 k-1 + 1 (k) (1 — p1ga — qup2 — p1p2) Pn—2,6—2)

_l’_
N
= Z (1 (k) prpaPn—o + 1 (k) p1aoPn—2 -1

+ 1 (k) up2Pn—2 -1+ p (k) Pn_2—2)

N

—Z (k+1)p1g2Pn—2k-1+p(k+1) q1p2PN—2 -1

+M (k‘ +2) p1p2Pn_2.k)

= (1 — p2) p1p2 + (1 — 1) p1g2 + (4 — 1i1) q1p2

N
+ Z m (k) PN,QJC,Q .

(4.112)

Using again the symmetry of ®, and the selfadjointness of Uy 2 Py_2 ;—2, we

also have

an (7, ¢7) = Im ((@7, Ur 2 (7 — fiz) p1p2 + 2 (3 — fir) praz) ®-)) -

Since 1 = p1p2 +p1¢2 + @1p2 + Q12

an (@7, p7) = Im ((@, p1paUt 2 (B — fi2) pip2®))

+Im ((®, p1g2Us 2 (1 —
@, qip2Us 2 (10
®,q1q2U1 2 (10 —
(@, p1p2Us2 (10 —
@, p1q2U12 (11 —
®, q1p2U1 2
(®,q162U12

+ Im (
+ Im (
+ 2Im
+ 2Im
+ 2Im
+ 2Im

= =

{
{

o~ o~ o~ —~

=
-

fi2) p1p2®)
— [12) p1p2®))
Hi2) p1p2®))
11) p1g2®)
1) p1g2®))
fi1) P1g2®)
1) P132P)

)
)

)
)
)
)

(4.113)

Notice that for any operator A if A* is the adjoint of A, Im ({®, A®)) =
—Im ((®, A*®)). Since ® is symmetric (note that p1gaUi 2q1p2 is invariant



under adjunction with simultaneous exchange of the variables x; and x3)
and by Lemma 4.2.3, point (d), we get

an (®r, ¢r) = 2Im ((@, prgoUs 2 (1 — iz) p1p2®))
— 2Im (@, p1g2 (1 — p1) Ur,2p1p2®)) (4.122)
+Im (@, q1q2U1,2 (10 — fi2) p1p2®))) (4.123)
+ 2Im ((@, 192U12 (B — 1) p1g2®@)) - (4.124)

The application of Lemma 4.2.3, point (d) applied to the first and second
summand completes the proof.

O]

If we now manage to estimate 'y (®,, ;) in terms of ajy (®7, ¢, ), equation
(4.79) will follow from Lemma 4.4.7. This is the content of next Proposition

Proposition 4.4.8. Let vy satisfy Assumption 4.1.1. Then,

(a)
’(((I), (ﬁi’f - ﬁ)"w) p1QQU1,2P1p2<I>>>’ =0; (4.125)
(b)
‘«@7 q1q2U1 2 (ﬁAW — ﬁ;’@> p1p2¢’>)‘
<C (a?‘v (@, ) + 5_?62N35_’\) . (4.126)
(c)

‘(@% (ﬁi"f — ﬁw> q1q2U1,2p1q2<I>>)‘

< ON~Fa) (1 +a‘$N?) . (4.127)

Before proving Proposition 4.4.8, we comment on points (a) and (c) first:
point (a) is in fact the most relevant physical estimate, since the mean-field
interaction almost cancels out with the original interaction. The key point is
indeed the vanishing of p1g2U1 2p1p2.

For point (c) the choice of the weight p* plays an important role. Note that
we have only one projector p here and ||g1¢2U1 2p142| can not be bounded
by the L'-norm of v. On the other hand, there are three projectors ¢ in (c).
Assuming that the condensate is very clean (which is encoded in 72*), such
¢’s make (c) small.
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Notice however that p* (k — 1) — p* (k — 2) is approximately the derivative
of m with respect to k when N is large, so that 7iy — i3 ~ k~!m. On the
other hand, each ¢ yields a factor % (see Lemma 4.2.3, point (c)). Now,

the derivative of p* is 0 if & > N?, so we can think as k¥ < N*. Thus, the
three projectors g appearing in point (c¢) can heuristically be thought to yield
a factor N~2(1=3),

Proof. In the proof we shall drop the labels A and ¢ for short. For any
f:R6 SR

prf (x1 —x2) p1 = ¢ (x1)) {9 (x1) | f (x1 — x2) [ (x1)) (& (x1) | =
= (f*¢I%) (x2) p1. (4.128)

Using vy in place of f in (4.128), we obtain

prog (x1— x2) p1 = [p1 (v * [8]*)] (x2) p1. (4.129)

Note that py and (vg *|¢[?) (x1) commute, thus ps (vg * [¢]*) (x1) g2 = 0.
Hence, from (4.129) we deduce that

pip2 (Vg (X1 — x2) —vg * |¢]° (x1) — v * [6]* (x2)) praz =0 (4.130)
which proves point (a).

For point (b) we use first that ¢;gow (x1) p1p2 = 0 for any function w. Then,
by Lemma 4.2.3, point (d)

(@, q1a2Us2 (1 = 1i2) prp2®)) = (4.131)
= (N = 1) (@, q102 (A2 — B)"* vy (x1 = x2) (7L = i2)/* p1p2®) .

Before we estimate this term note that the operator norm of ¢y gov N (x1 — x2)
restricted to the subspace of symmetric functions is much smaller than its
operator norm. This is due to the fact that vg (x3 —x2) is nonzero only
in a small region where x; ~ x9,because of compact support of v. A non-
symmetric wave function may be fully localized in that area, whereas the
same is impossible for a symmetric wave function. To get sufficiently good
control of (4.131), we symmetrize (N — 1)vg (x1 — x2) replacing it with
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P vy (X1 — Xg), and get
(1131) = (¥ = D (@yq12 (72 = 1) 0y (1 = x2) (7 = i) i) =

N
= (@, (2= )'* Y aajoy (o — ) prp; (i~ i)'/ @)
7j=2

N
< H(ﬁ—Q - Q1‘I)H > qivg (1 — %) paps (i — i)' )
=2

(4.132)
Since " 5
N (m (k) —m((k—2)) < N (k) (4.133)
then, in view of Lemma 4.2.3, point (c), we get
~ ~ 2 ~ o\ 2
|Gz =2 0e|” = (@ Ge - @) P20) < Lok (@) . (413)

On the other hand, the second factor of (4.132) squared is bounded by

N
1 ~ ~ \1/2
5 2 (-7 ey (x—x)) g5
2<j<k<N

X qrug (x1 —xx) (1 — ﬁ2)1/2P1Pk¢>>+

N
2
+ HQkUﬁ (x1 — Xg) p1Pk (ﬁ—ﬁ2)1/2(I)H . (4.135)
k=2

Using symmetry, Proposition 4.4.5 and (4.94), the first summand in (4.135)
is bounded by

N7 — i)' @, p1p2g3vy (X1 — X2) v (X1 — X3) P1geps (1 — 1i2)"/? @)
(4.136)
2
<N H\/|UJV (x1 — x2) |\/|UN (x1 — x3) [praaps (i — fin) '/ (I)H (4.137)

< N? H\/ vy (x1 —x2) |p1H4 H(ﬁ — fiz)"/? Q2<I>H2 (4.138)

2
< N?lg % H%Hf”(ﬁ—ﬁz)mqﬂH (4.139)
< N[} 16r % ar (@, 0) . (4.140)
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Analogously, using Proposition 4.4.5 and (4.4.5), point (c), one can control
the second summand in (4.135) by

N{(fi = i2)* @, pipa (v (x1 — Xz))2p1P2 (7 — 1i2)/? @) (4.141)
2
<N lepz (v (x1— X2))2P1P2H H(ﬂ* ﬂ2)1/2H (4.142)

20~ o~ _2d _
< Nl [Jog " 1(a = f2)|| < Ce™s+2 N1, (4.143)

By Conjecture 4.1.3, (b) is bounded by

C\/m\/a?v (@, §) + &~ 2 NG (4.144)

<C (aj\v (@, ) + e*%Ndﬁ—A) . (4.145)

Finally, we prove (c). Using Definition 4.2.1, Proposition 4.4.5, Lemma 4.2.3,
point (c¢) and Cauchy-Schwarz inequality we can estimate the left hand side
of (c) as

(P, q1q2U1,2p1g2 (11 — 11) @) (4.146)
<[ =2 aao®|| [0 (- 70 praa® (4.147)
N ~ N1/2 . ~
< @ - ee| v @ - ) 2ee|. @a1as)
Since
N7 if k< NA
m (k) —m(k+1) = RS (4.149)
0, otherwise,
it follows that 12
Im (k—1) —m (k) N2 < N 2m(k), (4.150)
and thus
1
Aoy — )2 0P| < N3 7Y Ja). (4.151)
i1 —Ji v
Similarly, we get
|@ -0 oo < N3/ (4.152)
Since
[Uapi]| < N (JJog (x1 = x2) pr|| + 2 [Jog * 67 ) (4.153)
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Proposition 4.4.5 and (4.4.5), point (c) yield
102p1ll < ON (JogllIdrllo + oz, 612
<ON [6rlloe (N5 + v )
= CN |67l (752N + 64l )
and thus (c) is bounded by

Cllrlloo N™7 (a‘ﬁN% + H¢T||OO). (4.154)

Conjecture 4.1.3 then implies that (c) is smaller or equal to

1—X

ON~Fa) (1 + E*S%N%) . (4.155)
O
Proof of Theorem 4.4.2. By Lemma (4.4.7), Proposition (4.4.8) and the con-

dition A < 1, we get that

1-A—38
2

QX (@7 0r) < (147N ) @ (W, 60) + & 72NN (4.156)

Gronwall’s Lemma then yields

O‘j\\f ((I)T, ‘PT) <

5_$N3B_>‘ (1+s_$N7 17>\2735)T
< ) e -1

1-2-38

(14+esen—5

N (1+5_S+%N7 17)\2736)7'
+ an (Do, ¢o) € . (4.157)

which concludes the proof of the Theorem.

4.5 From the Hartree to the Gross-Pitaevskii Equa-
tion

We now prove that the solutions to (4.13) and (4.4) remain close at later
times, when starting from the same initial datum. This is the content of
next Theorem.
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Theorem 4.5.1. Assume Conjecture 4.1.3 and let ¢g be such that ||¢o| ., =
O (1). Assume also that

ECF [pg] < BOP + ¢ (4.158)
for some £ > ¢ |loge|. Then,
¢ ogeli
lpr — |l < C \/5+Ng82+ ir|" (4.159)

Proof. We first consider the time derivative of the L?-norm squared of the
difference between the two solutions. We get

0 |6 — orl|* = 2Im (¢, — r, 67 ° br — v * |- [* 07) (4.160)
= 2lm((or — ¢r. (165 = v * |&r %) 67) (4.161)

+ 2Im; — or, (vy * 16,1 = v * lorl?) o) (4162)

< 21l6r = @rll el (|16 = o5 6P| (4.163)

+ ol [J1o-2 = 162 (4.164)

For the first term, we use that v5 tends to a Dirac delta, to get

97 () = v+ lor | (x)] <

216, . sy
SW/O s [ ay 1o |9, (x= 2] @)

Hence, we can estimate

2 |ls
Jior = o < tor] < 2l [ ay iylo)ive < (a60)
C
< Z Vol (4.167

On the other hand, by (4.158) and Proposition 4.3.2, we bound the kinetic
energy of the state ¢, as

IV < C\[ <\/E+ ~1> : (4.168)

NbBe

Thanks to Conjecture 4.1.3, (4.166), (4.168) and Corollary 4.3.3, we then get

C C'|lo 54
Or |lpr — 7|l < Nf | g * +CV¢ (4.169)
N2g2 N7et
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from which the result immediately follows.

4.6 Proof of Theorem 4.1.5

First notice that the change of length and time scales implies

1 1 1
|82 = 2| = | = o | < | = B |+ 125, = Pl 4170
1
< |28 = P ||+ 20l0r = 6711 (4.171)

By (4.14), (4.16) and Corollary 4.4.3, we obtain that, for any fixed time ¢,

b - B, || < cm N (1o NS ALYy
_2(s+3)
e NAGCE St (4.173)

On the other hand, (4.15) and Theorem 4.5.1 yield

3 3
1 4 1 4

lor — - < C | Og5i|+2 T= C| 0g51‘3 t. (4.174)
NBei+2) NBex

Setting § := 1 — A — 303, the final result is then proven.
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